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High-energy proton structure and the parton model

The inner proton structure has been probed through high-energy
scattering.

Richard P. Feynman
Feynman’s parton model (1969):

* When the proton travels at almost the speed of light, quarks and gluons
are “frozen” in the transverse plane due to Lorentz contraction;

* During a hard collision, the struck quark/gluon (parton) appears to the
probe that it does not interact with its surroundings.
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Tomography in the 3D momentum space

Collinear parton distribution
function (PDF) f.(x)

Transverse-momentum dependent
parton distribution (TMD) f:(x, k |)
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TMD in the Fourier conjugate br-space:
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Tomography in the 3D momentum space

Unpolarized quark TMD
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|. Scimemi and A. Vladimirov, JHEP 06 (2020).

Quark Sivers function
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Cammarota, Gamberg, Kang et al. (JAM Collaboration),
PRD 102 (2020).
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TMD from experiments

TMD processes:

Semi-Inclusive DIS Drell-Yan Dihadron in ete-
O-qu/P(ajakT)Dh/q(xakT) O-qu/P(xakT)fq/P(xakT) O-NDhl/q(xakT)Dhg/q(xakT)
€D = ho

(= %—LQ ;%//L A
hi /

Fragmentation

h Dy (2 kr) qgr < Q

HERMES, COMPASS, Fermilab, RHIC, Babar, Belle,
JLab, EIC, ... LHC, ... BESIII, ...
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TMD factorization for Drell-Yan processes

[ n,=1,00D/R2, n=(100,-1)//2

_ 1. n,-q
qﬂz(q_i_,q 9q_]_)7 Q2:q2, Y=_1n
2 nb°q

SZ(PA"'PB)Za 9r = lq, |

X, = Qe+Y\/§, Xp, = Qe‘Y\/E, 0,5 > Agcp

dopy |
dQdYd?q,

« 0 and Y uniquely determine x, and x; of initial state partons;

Differential cross section

» gris contributed from the transverse momenta of partons and radiated gluons.
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TMD factorization for Drell-Yan processes

hp [ n,=1,00D/R2, n=(100,-1)//2
1 n,-q
¢ =q"q.q), 0*=q*, Y=—=In
2 nb . q
S = (PA+PB)29 qr = |q, |
g l x,= Qe \/s, x,=Qe /s, Q,5s> Aqcp
. . . dopy
Differential cross section :
dQdYd?q;

« 0 and Y uniquely determine x, and x; of initial state partons;

» gris contributed from the transverse momenta of partons and radiated gluons.
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TMD factorization for Drell-Yan processes

TMD factorization for g, = | g, | < O:

0(%)

From J. Qiu’s TMD School 2022 Lectures.
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TMD factorization for Drell-Yan processes

TMD factorization for g, = | g, | < O:

Y,

hard

S
dr \ Vm,
soft
B @iy
(Schematic) factorization formula: - 5 . D™
T
dopy TMD Handbook, by TMD Collaboration

= H @ B ®&® B Q&

(Collinear) beam
functions

dQdYd?q

Hard factor
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TMD factorization for Drell-Yan processes

TMD factorization for g, = |q, | < O: Y,

Separation of soft (p,) and collinear (p,, , p, ) modes: hard

po ~ QA% LA), p, ~ 0(1LA%A), py~ 04, 4,4), A< 1

_ S
1 p Yn
2 2 2 2 * 1w - — b
pna ~ pnb ~Ps ~dr> rapldlty - Y= 5 In p+ i x

B\‘%

(Schematic) factorization formula: . p-
dr o

dopy TMD Handbook, by TMD Collaboration

= H B B
dQdYd?q © ® ©

(Collinear) beam
functions

Hard factor
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TMD factorization for Drell-Yan processes

TMD factorization for g, = | g, | < O:

Separation of soft (p;) and collinear (p,, , p, ) modes:

po ~ QA% LA), p, ~ 0(1LA%A), py~ 04, 4,4), A< 1

. 1 p
pr%a ~ p’%b ~ ps2 ~ q%, rapldlty Ly = E In —

p+
(Schematic) factorization formula:
dopy - H ® B ® B ® TMD Handbook, by TMD Collaboration
dedeqT .
(Collinear) beam
Hard factor :
functions
= H @ fMP g fIMD fMb = p

Physical TMDs
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TMD definition

* Beam function: * Soft function :

Hadronic matrix element Vacuum matrix element

Rapidity divergence regulator

. - -
FIMP, b g, 1, $) = Tim Zyy (e, g, xPH M B(x, b7, ¢, 7, xPH)AY(br, ¢, 7)
—0 7—0

Soft factor
Collins-Soper scale: { = 2(xP e ™)
Ebert, Stewart and YZ, JHEP 09 (2019)
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TMD definition

* Beam function: * Soft function :

l - ) ‘ I :
Rapidity divergences ’
Hadronic matrix element Vacuum matrix element

Rapidity divergence regulator

. - -
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Soft factor
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TMD definition

Many different schemes for regulating rapidity divergences:

Wilson lines on the light-cone (SCET): Wilson lines off the light-cone:

* Becher and NeLIbert, EPJC71 (2011), e “Collins SCheme”, CO”inS, SOpel’ and

* Echevarria, Idilbi and Scimemi, JHEPO07 (2012), Sterman, NPB250 (1985); Collins, 2011 book;
PLB726 (2013); . “JMY scheme”, Ji, Ma and Yuan, PRD71

* Chiu, Jain, Neil and Rothstein, JHEPO5 (2012), (2005).
PRL108 (2012);

+ Li, Neil and Zhu, NPB 960 (2020); For reviews see also

* Ebert, Moult, Stewart, Tackman and Vita, JHEP 04 * Ebert, Stewart and YZ, JHEP 09 (2019);

(2019). e TMD Handbook, by TMD collaboration.

Scheme-independent TMD factorization:

Q% AéCD )]

Q2" Q7

7 = —> —
=0y Y H(Q. 1) szbTe”’T'qTﬁ-TMWxa, b s E) F M@ by 11, 8) [1 +0(
L,j

CaCb — Q4
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TMD definition

Many different schemes for regulating rapidity divergences:

Wilson lines on the light-cone (SCET): Wilson lines off the light-cone:

* Becher and Neubert, EPJC71 (2011); - “Collins scheme”, Collins, Soper and

* Echevarria, Idilbi and Scimemi, JHEPO7 (2012), Sterman, NPB250 (1985); Collins, 2011 book;
PLB726 (2013); . “JMY scheme”, Ji, Ma and Yuan, PRD71

* Chiu, Jain, Neil and Rothstein, JHEPO5 (2012), (2005).
PRL108 (2012);

+ Li, Neil and Zhu, NPB 960 (2020); For reviews see also

* Ebert, Moult, Stewart, Tackman and Vita, JHEP 04 * Ebert, Stewart and YZ, JHEP 09 (20? 9);
(2019). * TMD Handbook, by TMD collaboration.

Scheme-independent TMD factorization:

Q% A%QCD )]

Q2" Q7

7 = —> —
=0y Y H(Q. 1) szbTe”’T'qTﬁ-TMWxa, b s E) F M@ by 11, 8) [1 +0(
L,j

Caz.:b — Q4
e Forb; < A(_21CD, can be perturbatively matched onto collinear PDFs;

o For b, ~ AaéD, becomes intrinsically non-perturbative, which motivates first-principles calculations.
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Overview of the continuum and lattice schemes

Ebert, Schindler, Stewart and YZ, 2201.08401.

Lattice schemes

Quasi MHENS
Continuum
limits
P, large, n \ /
LR

Switch order of
e—0,Y >

Change Wilson lines

Matching
relations

Collins @ememmemmmmemaiy  JVY

Continuum schemes

YONG ZHAO, 02/21/2022
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General correlator for the beam function

qi/

Qb ) (b, Poe,0,6) = (h(P)

q;

(

b

2

§W§(b, 77%5)%(—3) ‘h(P)>

WjR(b, nv, o) =

L

b
2
—

(=l

—g+nv+g

Cusp angles:

(mv=£9/2)-(b—9)
inv £ §/2[|b — 6]

cosh vy =

YONG ZHAO, 02/21/2022
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General correlator for the soft function

1 <O
dr

Tr [Sg(b, nv, 77?7)} |O>

YONG ZHAO, 02/21/2022
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Collins scheme

b=(00b",b)) 5=bn,

nﬂ(yn) = (17 _ e_zynaoj_)

5* = (0,b7,0,)

Vi = nl(yp) = nlf — el = (—e™1,1,0,)

db~

B¢ x,?,e, — = |—
q/h( € Yp = Yp) JZn

—ib~(xP*
ezb(xP)

X Q[q};h] [b, P,e, —cong, b™n,
l%l(x’ b 7> M5 C) = hn(l) ZUV(G’IM’ é/)

Bl%l(xa b 7€, Yp — yB)
X lim
Yp—=— 0 ‘\/SC(bTa 6,2()% _ yB))

Rapidity divergences o e 7¢Cr)0rs) o =1(bre)(2y,=2yp)

g — 2(XP+€_y”)2 = xzm}%ez(yP_yn)
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Collins scheme

b=(00b",b)) 5=bn,

2}73, 1 9Ol)

l%l(x’ b Ts K5 C) = hn(l) ZUV(G’IM’ é/)

Bl%l(xa b 7€, Yp — yB)
X lim
Yp—=— 0 ‘\/SC(bTa 692(yn _ yB))

Rapidity divergences o e 7¢Cr)0rs) o =1(bre)(2y,=2yp)

n/’l(yn) = (17 - e_zyn,OJ_) g == 2(XP+e_yn)2 — xzm}%ez(yP_yn)
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Large Rapidity (LLR) scheme

b=(00b",b)) 5=bn,

n”(yn) = (17 — e_zynaoj_)

Ebert, Schindler, Stewart and YZ, 2201.08401.

Reversed order of limits:

;}F(xa b T> K CayP _ yB)
L Z5v(e, p)
= lim lim

_yB>>1 e—0 \/Z%V(G, ﬂ,zyn _ 2yB)

Biy(x, b p,€,yp — yp)
\VSc(br, €,2(y, — yp))

X

YONG ZHAO, 02/21/2022
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Lattice QCD

Lattice gauge theory: a systematically improvable approach to
solve non-perturbative QCD.

=TT 1 || lattice ztct=0
‘ | spacing a z—ct#0 X Y
lattice size L, Z/J
e.g., L=32,48. A
I |
\ F\i\ 0l
—
- w o
gluon quark

Imaginary time: t — it O(ir) 5 O(1)

Simulating real-time dynamics has been extremely
difficult due to the issue of analytical continuation. &

YONG ZHAO, 02/11/2022 20



Large-Momentum Effective Theory (LaMET)

X. Ji, PRL 110 (2013)

z+ct=0, z—ct#0 =0, z#0

PDF f(x): Quasi-PDF f(x, P?):
Cannot be calculated Directly calculable on the
on the lattice lattice
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Large-Momentum Effective Theory (LaMET)

X. Ji, PRL 110 (2013)
z+ct=0, z—ct#0 Related by Lorentz boost t=0, 720

2

4

PDF f(x): Quasi-PDF f(x, P?):
Cannot be calculated Directly calculable on the
on the lattice lattice
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Large-Momentum Effective Theory (LaMET)

X. Ji, PRL 110 (2013)
z+ct=0, z—ct#0 Related by Lorentz boost t=0, 720

2

n
.

4

PDF £(x): Quasi-PDF f(x, P?):
Cannot be calculated , ~ 9 Directly calculable on the
on the lattice lim f(x, P*) = f(x) lattice
P*—>o0
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Large-Momentum Effective Theory (LaMET)

X. Ji, PRL 110 (2013)
z+ct=0, z—ct#0 Related by Lorentz boost t=0, 720

sl sl

PDF £(x): Quasi-PDF f(x, P?):
Cannot be calculated , ~ 9 Directly calculable on the
on the lattice lim f(x, P*) = f(x) lattice
P*—>o0

X
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Large-Momentum Effective Theory (LaMET)

* Quasi-PDF: P* < A;

/\: the ultraviolet lattice cutoff, ~ 1/a
* PDF: P* = o0, implying P* > A.
* The limits P* << A and P* > A are not usually exchangeable;

» For P* > A cp, the infrared (nonperturbative) physics is not affected,
which allows for an effective field theory matching.

A2

~ QCD
fx, P A) = £, 1) + O P )
Power corrections

* X.Ji, PRL 110 (2013); SCPMA57 (2014).
* X. Xiong, X. Ji, J.-H. Zhang and YZ, PRD 90 (2014);
* X.Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

YONG ZHAO, 02/21/2022 22



LaMET calculation of the collinear PDF's

A state-of-the-art calculation of the pion valence quark PDF with
fine lattices, large momentum and NNLO matching:

41 i
| mBNL-ANL21
= | m BNL20 |
(50 3t mJAM21nlo -
= | _-ASV -
~E .-GRVPIl
| 2t xFitter -
3 | |
S |
< 1 -
0.0 0.2 0.4 0.6 0.8 1.0

Gao, Hanlon, Mukherjee, Petreczky, Scior, Syritsyn and YZ, 2112.02208.
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Quasi-TMD

b* = (05,02, b  &=1Db%= (0,005

Quasi-beam function:

—

Bi/h(x, b, a,i, xP?, P> m,

Quasi-soft function?
Naive quasi soft function:

___ L

«___ L x
< -

\“9

b,

|
|
|
|
|
|
|
|
|
~

\

Y

 Ji, Jin, Yuan, Zhang and YZ, PRD99 (2019);

Byl
A\ )

Neither can be boosted to the soft
function in TMD factorization. &

Ryl
O\ )
'\ ]

Bent quasi soft function:

X

A~ o L

/// : —
. i
:
|
|

Z

* Ji, Sun, Xiong and Yuan, PRD91 (2015);

« M. Ebert, I. Stewart, YZ, PRD99 (2019), JHEP09 (2019).

* M. Ebert, I. Stewart, YZ, JHEPO09 (2019).

YONG ZHAO, 02/21/2022
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Quasi-TMD

Naive QuaSi—TM D: Linear power

divergence

f/h(x ?T u XPZ) — lim 7 (a Iu) Bi/h(.x, b Ts A, ﬁ, XPZ) X (277] + bT)/Cl
i s s Hs uv\“s

a— 0

i > oo \/S’naive(bT, a, ﬁ)

Conjectured factorization relation to the physical TMD:

Non-perturbative  Rapidity evolution/
factor Collins-Soper kernel

(2xP?)? ]

)
(xPebr)? (xP)?

- — - 1
Frvee, B, 1) = §(by. ) exp lirfwT,mm

Xﬂls(x’ ?T’ H, C){ 1 + O

M. Ebert, I. Stewart, YZ, PRD99 (2019), JHEP09 (2019).
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Quasi-TMD

Proposal to calculate the soft sector from lattice:

Frave(e, b g, u, P9 L, (2xP??
NSy exp| 57 (. bpln
01> §
Reduced soft . 1 A%)CD
factor v X]”ns(x,bT,,u,C){l+@ — y—— ]}
(xPby)? (xP?)?

Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020).

Proof of factorization relation:

» Leading-region of Feynman diagrams

Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020), and the complete analysis in preparation.

 Analysis of lattice-friendly TMD correlators

A. Vladimirov and A. Schafer, PRD 101 (2020).

* Proof using effective field theory (LaMET).

Ebert, Schindler, Stewart and YZ, 2201.08401.

YONG ZHAO, 02/21/2022
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Quasi-TMD

Desired quasi soft factor:

7 ny(V4) . np(yg)
| na(ya) | , | ng(yp) |

S(bTa a, ﬁa yAa yB) — SC [bj_a a, —

Ebert, Schindler, Stewart and YZ, 2201.08401.

Quasi-TMD:

~/

fun, b, 77, XxP7) = lim Z, (a, p)

a—0

—

Bi/h(x, b, a,i, xﬁz)

gR(bTa a, 77]9 yA9 YB)

YONG ZHAO, 02/21/2022 217



Lorentz-invariant approach: MHENS scheme

Musch-Engelhardt-Negele-Hagler-Schafer (MHENS) scheme:

b=(0,b",b)) 5=0

Can always use Lorentz invariance
of P - b to boost to a frame where

b* = (0,b%, by, b?)

Hagler, Musch, Engelhardt, Negele, Schéafer, et al.,

—+
p T
b+
—— 1%
5 T
>
b v#
2
MHENS /.. 7o
B [](x,bT,P,a,f’],V)

EPL8S (2009), PRD83 (2011), PRD85 (2012), PRD93 (2016), 1601.05717, PRD96 (2017).

Ratios of TMDs can be calculated without the soft function.

YONG ZHAO, 02/21/2022
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Summary of the continuum and lattice schemes

TMD Beam function Soft function
. . R . Qi/h [+ — R
Collins ll_r:% ZUv yBli)rrioo =R Qq/h [b, P,e,—oong(yr),b nb] S [byi, e, —oona(ya), —oongs(ys)]
o or S/ | Gt - R
LR _igr;ﬂ 21_r>1(1) ZUV\/S—R Qn b, P,e, —oonp(ys),b ns| | ST[bL, e, —ocona(ya), —ocons(yg)]
: : Bi/n Y217 B ~a Tza R _na(ya) _ na(ya)
Quasi 112% Zuv——= Qq/h (b, P,a,nz,b%2) S\ by, a, —N——, —
a 3R [na(ya)l [na(ya)l
r
MHENS Q) /]h(b, P, a,nv,0)
Collins / LR Quasi MHENS
b+ (0,67 ,b1) (0, b5, b%., b%) (0, b5, b%., b%)
oM (—e?¥2.1,0,) (0,0,0,—1) (0,v",vY,v%)
o (0,6,01) (0,0,0,b%) (0,0,0.)
pP* PY
PH %(eyP,e_yP,OL) mp(coshyp,0,0,sinhyz) | my (coshyp, m—h, m—h,sinhyp)

YONG ZHAO, 02/21/2022
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Lorentz-invariant TMD variables

Collins/LR/MHENS beam function

- db_ —ib~(xP* + d(P * b) —ix(P-
B (x, b e,n,...) = Jz_ﬂe rerhan | = J r ¢ ED (P - b,b% v, ...)
Quasi-/MHENS beam function
= db* s [AP-D) _sn o
Bg/h(x, bref,..)= NfJ2—ﬂ o0 &P )Qgi]l = [ o g ~X(P b)d>q/h(P . b, b?, ;7222, ol)

¢ 10 Lorentz invariant scalars;
e Reduces to 6 when 6 = 0 in the MHENS scheme.

YONG ZHAO, 02/21/2022

31



Lorentz-invariant TMD variables

r sinh(yp — yg) = sinhy}

= Vp =

N b d bt

Yp — VB

Collins / LR Quasi MHENS
b2 — b2 —b2 — (b*)? —b2 — (b*)?
(nv)? —2ne?Vn —i7 —n?5?
Mmp, : 1z T1T
P-b Eb e¥P mp, sinh ypb® + P*bT + PYbY,
b- b~ evE 2o 4 bYoY + b
U - sgn(n) B L
(70) V2br VoI F 0)2/b2 + (5°)
o X, ,L Yoy
P - (nv) sinh(yp —ys) sgn(n) P*v* + PYvY + mpv® sinhyp
v/ P2[nol? VT + (v7)*/mj + P2 + P;
52
3] 0 0
b-6
Nl 0 0
P—.Z 1 1 0
0 -
() 1 1 0
b- (nv)
P? m;, m;, m;,

32
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Lorentz-invariant TMD variables

yp, b~ finite
yp — — 00 = b*

— 0

Collins / LR Quasi MHENS
b2 b2 —b3 — (b%)? —br — (b%)?
(nv)°? —2n’e’VE —i7 —n?5?
P-b m—;b_ eYP —mpb® sinh Yp mp, sinh ypb® + PTb% + PYb,
b-(nv) b~ eYB b Z0% + bYoY + b*v*
Vo2 BT sgn(n) - sgn(n) —
|(77U) | T \/(bZ)2 + b% \/U% Uz \/b2 z
P - (nv) : P*v® + PYvY + mpv”® sinhyp
sinh(yp —yp) sgn sinh y 5 sgn
P | S WV O N T S P v
52 72\2
02 ; (b .
0 by + (b*)*
b-o b*)?
-9 ; (b ;
0 b7 + (b)?
P-6
6 - (nv) . ) 0
b- (nv)
P? m;, m;, m;,

33
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Lorentz-invariant TMD variables

Collins / LR Quasi MHENS
b2 — b2 —b2 — (b*)? —b2 — (b*)?
(nv)°? —2n’e’VE —i7 —n?5?
P-b m—\/%b_ eYP —mpb® sinh Yp mp, sinh ypb® + PTb% + PYb,
b-(nv) b~ eYB b Z0% + bho¥ + b*v?
Vo2 BT sgn(n) - sgn(n) —
|(77U) | T \/(bZ)2 + b% \/U% Uz \/b2 z
P - (nv) : P*v® + PYvY + mpv”® sinhyp
sinh(yp —yp) sgn sinh y 5 sgn
Papgp | T S W O e R
52 72\2
02 ; (b .
0 by + (b*)*
) 72\2
-9 ; () ;
0 b7 + (b)?
73 : :
6 - (nv) . )
b- (nv)
P? m;, m;, m;,

34
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Relating LR and quasi- TMDs

* Collins/LR and quasi-beam functions are in the same class of
correlators if

Yp=Yp—JB
* So we can define the quasi-TMD with the Collins soft function
fqi/h(ajv gTv s 57 ijzv ﬁ)

d(P-b) _.  p; Q. (b, P, e, i3, b%3
:/ ( >e_m(P'b) lim Z7 (1, €, Yn, — YB) %/h( o )

om 0 \/gq(bTa ¢, ﬁa 2yn7 QyB)
5 — x2m}%e2§p+2y3—2yn £ = x2m§e2yp—2yn
Therefore,
L A P
th<I<n_1 fqi/h(xa bT7 s 17, Cv xPZ) — th<I<n_1 ;;];{h ('CC? bT7 M _56 va C) yp — yB)

YONG ZHAO, 02/21/2022



Relating LR and Collins TMDs

: _ — . . By,
Collins scheme: o bpu, &) = 11_r)n ZUVyB lim \/IS_
C

- . B,
LR scheme: iR b lyp—yp) = lim lim Z;—=
—yp > 1 €—0 ‘/SC

+ Large -ys corresponds to a hard momentum scale {; p = 4x>M? sinh(yp — yp).

- Exchange of € = 0 and {; g — o0 should not affect the infrared physics, so the
difference between the orders of limits is compensated by perturbative matching !

l’%l(xa b 7> Hs C) — ;}E{(x, b T> K Z:, Yp — yB) + @(yB_keyB)

o “LaMET”, Ji, PRL 110 (2013); SCPMA57 (2014); Ji, Liu, Liu,
Zhang and YZ, RMP 93 (2021);

Verified at 1-loop v/ * Collins, 2011 book, Ch. 10, on Sudakov form factors.

YONG ZHAO, 02/21/2022

36



Relating LR and Collins TMDs

coft [ACTOLS: -+

_”d i the Wilson lines in |

s. In effect; v - @
g for BX here
La If we reversed the limits, we would need to con u e e:‘ )
. . Aunsub
Abas:c — |im [hm (yPA Yug)
e EX Yuy =>—00 | n—>4 S(yl gl yuz) .
g!

diff i
The factor Z, is to be adjusted so that we get the an
non-uniformity of the limits » — 4 and of mﬁmte W i

F
the limit of mﬁmtely large transverse momentum Ol' <4

Thus the factor Z4 1S a pure Uv factor, and can be coarde
U , Liu,

renormalization actor, chosen to maﬂ(_ ca renormahzati ‘
t s

e‘))‘

combination of MS renormalization and the Opposm’: srder
Within the context of e metee - -

\ FVA i
¥

36
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Matching between quasi- and Collins TMDs

lim 7,6, B g, &P 1) = (5 VIG5 B 1o, O + O(5te ™)

f]— 00

gz = (2xl~) Z)z = CLR
Moreover, B,

fq/h —

\/SC(bT, U, ﬁ,zyn,zyB) —_ Not directly calculable on the lattice

~

~
g B, A \/ Sc(br, 1,71.0.0)

\/SC(bT9 H, ﬁazynazyB)
. ),

Naive quasi soft function, =
lattice calculable @ <«— \/SC(bT, U, ﬁ,0,0)
.

J
. Reduced soft function: S (b, 1) = [gg(bT, Mk l
- Methods for calculation has been proposed and explored i > 00 p ¢,
on the lattice. Vg — — 00 € —z1{(brp)n

A
7

e Ji, Liu and Liu, NPB 955 (2020); q(b )
e Q.-A. Zhang, et al. (LP Collaboration), PRL 125 (2020); gS T- M
e Y. Lietal.,, PRL 128 (2022).
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Factorization formulas

D lim e Bt &Py = O ) [0 B O+ 007 ™
fj— 0o
~33}1liVe gz 1 C](b )1 Q N

@ = () O B O+ 007
S\VT>

!

. by 1 1 A(2)CD
i @b P2 Py (P2

M. Ebert, |I. Stewart and YZ, PRD99 (2019), JHEPO09 (2019);
* Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020).

* A. Vladimirov and A. Schéafer, PRD 101 (2020);

* Ebert, Schindler, Stewart and YZ, 2201.08401.
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Implications

* Same proof applies for the gluon quasi TMD and for all spin-dependent
quasi TMDs;

Both gluon and singlet quark TMDs are calculable on the lattice!

* No mixing between quarks of different flavors, quark and gluon
channels, or different spin structures;

Verified at 1-loop v/ Ebert, Schindler, Stewart and YZ, JHEP 09 (2020).

The Pz Ut Calculation of gluon TMDs easier than anticipated!
* The Pz-evolution;

— In lim BT)x, B, . 77, xB%) = y4(by, 1) + y2Q2xP%, p)
dIn(2xP?) b, 9" d . C

Lattice calculation of the Collins-Soper kernel:

* Ji, Sun, Xiong and Yuan, PRD91 (2015);
M. Ebert, |. Stewart, YZ, PRD99 (2019).

Perturbative

d -
— InC (xP?,
d In(2x P?) P 1)

 Ebert, Schindler, Stewart and YZ, 2201.08401.

NLL resummation in the Wilson coefficient: ~ 7&Q2xP% ) =
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Implications

* Ratios of TMDs and their x-moments should be calculated in
the x-space;

1 B[F/l}]l(aj g “u’ﬁ’xpz) f[Fl](:C7gT7M7C)
111

~ ad I 7
17— 00 B[F;]h/(aj b T, [y 1], ngZ) f(gj;;b/(aja bTa Ly C)

* Factorization for the MHENS TMD.

Additional challenges beyond tree-level
renormalization/matching:

b
¢ b — tnv . .
2 2 « bz-dependent renormalization
2
Linear: o« (2|nv|+4/b2+b3})/a
b ~
_by 2b° b
y T Cusp: « [3 - tan™! ~—T] In(a)
b yH « bx-dependent soft function?

2
e Ratios of the x-moments of TMDs can be calculated with MHENS beam

functions at b* = ( with tree-level matching;

e With proper lattice renormalization and soft function subtraction, the
MHENS scheme should be equivalent to the LR scheme.
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* Introduction to TMDs
* Lattice TMDs

* LaMET and Quasi-TMDs

* Lorentz-invariant approach (MHENS scheme)
* Relation between lattice and continuum TMDs

* First lattice results

* Collins-Soper kernel for TMD evolution

+ Soft function
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Collins-Soper kernel

Results by different groups with
different systematics.

0.0r ezz _ ]

G % : ;
PR T % %% fgﬂ@ s o

O SWZ20 V Regensburg / NMSU 21 B This work

L5 T A LPC20 & ETMC / PKU 21 )l

0.0 0.1 0.2 0.3 0.4 0.5
bT [fm]

SWZ20, P. Shanahan, M. Wagman and YZ, PRD 102 (2020) ;
Regensburg/NMSU21, Schlemmer, Vladimirov,
Zimmerman, Engelhardt, Schafer, JHEP 08 (2021);

LPC20, Q.-A. Zhang, et al. (LPC), PRL 125 (2020);
ETMC/PKU21, Y. Li et al., PRL 128 (2022).

(Green points), P. Shanahan, M.

Comparison with phenomenology

|
© o o
[\) (-} (\)
‘ T T ‘ T T T ‘
|

—-0.6
g os ]
_1-05 — V19 Pavial) = N°LO ;
0.0 0.1 0.2 0.3 0.4 0.5
br [fm]

SV19: I. Scimemi and A. Vladimirov, JHEP 06 (2020) 137
Pavia19: A. Bacchetta et al., JHEP 07 (2020) 117

Wagman and YZ, PRD 104 (2021).
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Reduced soft function

100 7 ’.:\ 1 —loop 4
] TS —T S 1.6 1 —loop 2 2
] ;I\ ¥ P?=1.05GeV, y=2.17 14/ - S35 pPt=3% $Pi= 5F
N ¥ P?=1.58GeV, y=3.06 \. 1—1loo o _ ox
\{ ¥ P7=2.11GeV, y=3.98 L27= "N ST AP=4Z Pi=67
\ ~1o0lz s
ﬁ X! 510 N
\ \./08' * i
-1 \ A
107 - \“ 1 % 0.6- \\' + .
] \, L] =
| | 0.4 \ i !
: 0.2 N f
T T T ! T T T OO ' ' ' "\ T T T
00 02 03 04 05 06 0.7 00 01 02 03 04 05 06 0.7
b, /fm b lfm

Q.-A. Zhang, et al. (LPC), PRL 125 (2020). Y. Li et al., PRL 128 (2022).

With the quasi beam function, soft function, and Collins-Soper kernel
calculable, we can obtain the full TMD from lattice QCD!
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Conclusion
* New large-rapidity (LR) scheme;

* The quasi TMD is equivalent to the LR scheme through Lorentz
invariance;

* The LR and Collins schemes differ by the order of UV

renormalization and light-cone limits, so we can perturbatively
match them;

* We derive the factorization formula for both quark and gluon
quasi TMDs using such relations;

* There is no mixing between quarks of different flavors, quark
and gluon channels, or different spin structures.
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Drell-Yan production of lepton pair

n,=(1,00,D/\/2, n,=(1,00,-1)//2

_ 1 n -
Hp - dq

x,=Qets, x,=Qe™M/s

Collinear factorization:

dopy 1 1
d02dY = ZJ' de, L asy Jun(Sa) fin,(Ep)

i,j “*a b

d6i(es Sp)
dQ?dY
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Drell-Yan production of lepton pair

hp [ n,=1,00D/R2, n=(100,-1)//2
_ 1 :
g' =1"+I*, 0° = g2, Y:—lnna 1
Ny g
hoa ]

x,=Qets, x,=Qe™M/s

Collinear factorization:

dopy 1 1
d02dY = ZJ' de, L asy Jun(Sa) fin,(Ep)

i,j “Xa b

déij(gcz’ 5[9)
dQ3dY
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Ji-Ma-Yuan (JMY) scheme

b = (0,b™, b))
v= 0w v7,0)),
=w",v,0)),
7] = oo
TMDPDF:

A
b
5" = (0,b=,0)) 2 oY
V> vt >0
P> 97 >0 >
b %

2

— db- . _
IMY _ —ib~ (P g 7] -
Bq/h x, b1, u,¢,) = [_Zyz e~ x )(qu;h [b, P,u,—ocov,b nb]

SJRMY(bT’ lu9 yAa yB) — SR[bj_a ,Ll, — ooV, — OOT}]

, VTV
P~ ==
PN, D g s Gy ) = Bui (5 b 1.6 7
i/ ’ s v oy - ) B
\/ Sty (br, s p) (2 = Caif 'zv) = 2(P+)2v—
1% vt

Analytically continuable from the LR scheme (yp-ys to 0).
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