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CERN » JLab » EIC
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3D TMDs, GPDs

Soon, we’ll have even higher precision
experimental data about the proton’s
full 3D internal structure...

It’s crucial to develop a corresponding
first-principles understanding!

Figure: CERN



Roadmap for today’s lecture :

1. Background
2. Factorization

3. Implications

Figure: 1. Stewart



Parton Distribution Functions: 1D momentum distribution of
quarks and gluons 1nside the proton
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» SLAC-MIT experiment (1969): deep inelastic scattering

Figure: PDG



Transverse momentum dependent PDFs: full 3D picture

—

» Key factor in SIDIS, Drell-Yan, W/Z production, Higgs, ...

» Challenge: important non-perturbative contributions even at
perturbative scales



TMDs in cross-sections 0

Drell-Yan process: H

QT<<Q/ #

— «— P

P

Tree-level Virtual corrections

Collins-Soper (CS) scale:

dO'DY
2 2~ = 0y 2 Hij(Q; H) { = 2(xP*TeYn)?
dQ-dY d-=qr —

TMDs

dZBT % — 7
X j(Zn)zequ.bei/hl(xL br,u, (1) fj/hz(xZJbT' K, (2)

Collins, Foundations of Perturbative QCD.



Evolution of TMD scales ’

Possible to relate TMDs at different scales (u, {) & (g, (p):

- Pdu' , 1 -
fq(x' le 22 () = exp [j / ]/;Z(,Ll r(O)] exp [—)’g(u, bT) lni fq (x' bTI Ko, {O)
po # 2 $o
CIS kernel
Experiment i, \/f ~Q
Lattice u, \/? ~ 1 GeV

Collins & Soper (1982, 1983). Collins, Soper, & Sterman (1985).
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TMDs from experiment

Data used in Scimemi &
Vladimirov global fit
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Figures: Scimemi & Vladimirov (JHEP 2019). EIC Yellow Report (2021).
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Global fits to experiment ’

Split TMD 1nto two pieces:

fiCx, by, 1, Q) = fi[x, b*(by), m, ¢1 fVF(x, by, Q)

Perturbative piece:
> Expand in az(b7 ') about collinear PDF

Ebert, Mistlberger, Vita (JHEP 2020).

» Known to three loops! Luo, Yang, Zhu, Zhu (JHEP 2021).

Non-perturbative piece:

» Construct model, fit to data ¢ AM collaboration



Example non-perturbative model

Example: 11-parameter model

CS kernel
(x,b) 1-—x)+Aox+x(1—x) b2 .
= — t * *
Snp(x,b) = exp J1+ yxib? v7(b) = v/ P, b") — 5 cobb
TMD-FF b*(b) = b

+1,(1 - 2) b? b?
DNP(x,b)=exp<—"1Z 12( Z)_)<1+n4 )

2 2
\/1+n3(b/z)2 " o \/1+b /Byp

z=10"3
uncertainty

v = 10-2 z Fyep(z,b) 0%
I > Describes data well at wide

z=0.1
10%

range of energy scales
1.2 20%
0s - » But large uncertainties from
0 = experiment at high b
0.3
[ » Uncertainties from choice of
0 05 1. L5 2. 2.5 3 > GV

functional form are not known
Scimemi & Vladimirov (JHEP 2019).



Example: global fits of the CS kernel
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» Large non-perturbative contributions to TMDs
» At low by, good fits; agree by construction

» Larger uncertainty in non-perturbative region



Lattice QCD 1n a nutshell

General premise:

» Discretize QFT to regulate
divergences

» Only known systematically
improvable numerical approach

Want correlation functions:

_ Jlaule=sWo
[ [dU] e~SLY]

(0)

Generate representative set of gauge

configurations using Monte Carlo
Figures: Argonne, D. Leinweber (QCD vacuum).



Recipe for TMDs on the lattice

TMD 1n cross-sections

l Project to equal-time slice & discretize

Lattice-calculable TMD ‘

Factorization
formula l Run simulations

Raw lattice TMD data

l Limit of zero lattice spacing, co size

Continuum extrapolation
of lattice TMD




CS kernel from the lattice

081 D(b, 2GeV)

5
1
b(GeV ™)
'— CASCADE 'SVZES | .
— SVI19 ° DA JPKU » Dots = lattice data
--- MAP22 SV7Z
Pavial9 v LPC?2 .
Pavial7 . LP828 » Lines = global fits

Martinez & Vladimirov (2022).



Why lattice QCD?

Complementary to experiment & phenomenology:
» Good to check that QFT and experiment match

» Easier to access CS kernel, spin and flavor
dependence than 1n experiment

» Can improve global fit errors with lattice data

> Calculations beyond by > 1 GeV 1!




TMDs from field theory



Many schemes to define TMDs...

Modern Collins
£, (x,br, €, yp, xP*)
firp(x,br, 1, C) = lim Zuv(p, C, 6) lim \/S —— Echevarria, Idilbi, Scimemi
Fip(x,br,p, ) = lim ZE(u, C )f*/p (x/br, e, 8%/ (xP"))
) ) . . i/ X, 0T, U, = m M, 6, €
Chiu, Jain, Neill, Rothstein "’ £ / gls(lee 5+e=Yn)
7 u)
fitp(%, b1, 4, €) = lim Zu (4, €, e)f/ Lol I],XP+)\/S?:JNR(I7T/€ ) Lecher&Neubert
1}—)0
lim [f 0BN(x1, br, €, a, xaPR)f, FOBN (), br, €, a, x5 P; )]
a—0
J1, Ma, Yuan (B202\ ~Veubr) -

WIE = bé/b%)]

5 5 ‘ fo(u)(xa,br,e v, xP*)
fi/p(xa/bT/ #/xaCa}P) — ‘lzl_r{(\)zav(ﬂ, P, €) +0(v+, '(-)-)

\/S -(br,€,p)

Etc!
First goal: sort this out.



TMD

N

Scheme-dependent

f = |lim ZUV

plr’

Definition of TMDs in QFT

— Beam function

4_
qi/H
e lightcone,
renormalization renormalization
p + i B n
%
«®
= hard
0
¢ /
)2
Gr C Vi
soft
Collineq,
qr




TMD matrix elements

Beam function:

|0)

» Analog of parton in QCD:
quark field attached to
lightcone Wilson line

> Soft & collinear particle
interactions:
approximated by gauge links

» Gauge invariance:
need closed paths



New: unified notation

Can describe lattice & continuum off-lightcone schemes
using the same generic beam function &

Quasi-TMD
Collins TMD \

T f=1lm Z,y, q‘/
JMY scheme | — ~ lightcone,

/ renormalization
| Etc.

Each scheme 1s characterized by a distinct set of arguments & limits

H(b P,e,nv, o)

Ebert, Schindler, Stewart, and Zhao (2022).



Meaning of the correlators

P)

r
Beam = <P ‘qi > W (b,nv, 8)q;

> bH, vt, oM
parametrize Wilson lines

» Length n: finite (lattice) or
infinite (physical TMD)

» o = (0,0,0, EZ) for quasi
= (0,0,0,0) for MHENS

Ebert, Schindler, Stewart, and Zhao (2022).



Now, neat & tidy tables of schemes

Collins scheme Quasi-TMDs
TMD : Kj . Bz/h . Kj %
ll—% ZUV yBli)n}oo Sri olLl—rf%) ZUV vV SrKi
Beam Qi/h [b,P,e,—oonB(yB),b_nb] E)Bi/h Qi/h(l;,P,a,ﬁé,l;zé) E)Bi/h
‘ | na(2yn) ng(2ys)
S™ by ,e,—oona(2yn),—oonp(2 ST by ,a,—1] , —1]
Soft b6, =oona(Zn), —oons (2ys) =0 s @y s (2]
bH (0,6=,b1) (0,b%,b%.,5%)
v (—€?¥7,1,0,) (0,0,0,—1)
oH (0,b6,01) (0,0,0,5%)
p# %(eyP,e_yP,OL) mp(coshyps,0,0,sinhyp)

Ebert, Schindler, Stewart, and Zhao (2022). Schindler, Stewart, and Zhao (2022).



TMDs from the lattice?

Naive lattice QCD:

1. Make TMD Wilson lines finite ‘l
2. Rotate to Euclidean space <P | I'h |P )
3. Discretize path integral |

4. Run Monte Carlo simulations

5. Extrapolate results back to continuum

Problem: Wilson lines are on the lightcone

Real Minkowski time variable — complex Euclidean action




Circumventing the sign problem

Trick: Project the desired
physical Wilson line onto
an equal-time slice

(Nontrivial! More later.)

» Lattice TMD is numerically tractable
» Want physical TMD & “lattice TMID” to be same in IR

» At worst, differ in UV & related by perturbative matching



Things are progressing rapidly...

2013

2014

2018

2019

2022

First lattice TMD (MHENS scheme) proposed
Musch, Hégler, Engelhardt, Negele, and Schifer

New lattice TMD (quasi-TMD) proposed, 1-loop studies
Xiangdong Ji

Lattice calculations of MHENS beam functions
MHENS and collaborators

Quasi-TMD theory put on firmer footing

Ebert, Stewart, and Zhao

Proposal for lattice calculation of quasi-soft function
J1, Liu, and Liu

First lattice results for CS kernel & quasi-soft function
MIT, LPC, ETMC, and Regensburg lattice groups

Factorization connecting quasi & physical TMDs
Ebert, Schindler, Stewart, and Zhao



TMD factorization

Drell-Yan do = H f f ® f

Cross-section

Formal _ B
definition f =Z uv \/g
Goal
On the lattice f — C X flattice

Collins, Foundations of Perturbative QCD. LaMET: Ji1 (2014).

qr K Q

SCET/QCD
qr K Q

LaMET
PZ > Agep



Proof of factorization



Connecting physical & lattice TMDs

Lattice schemes

Quasi

Continuum
\ limits /

MHENS

Large
Rapidity %

Continuum Matching
schemes relation
Collins

Ebert, Schindler, Stewart, and Zhao (2022).



» Pioneered lattice TMDs » Newer; fewer results for proton

» Focused on x-moments » Focused on full TMD
» Renormalization, soft function, » Renormalization, soft function
factorization not fully known have been proposed

Musch, Hagler, Engelhardt, Negele, Schafer (2013). Ji(2014).



Physical TMD schemes 1n this talk

Collins Large Rapidity (LR)
Q; Q.
. . . . R i/h . . R i/h
CITIIS LA R e & Aoy R
+ +
Beam | Q) [b,P,e,~ony(y5),b™ny] | QF,\[b, P,€, ~0ong(yp), b7y ]
Soft SR[bJ_; €, —0on,4(¥4), —ong(yp)] Sk [by, €, —0ony(ya), —oong (yg)]

» Closely related to lattice TMDs

» Regularize by taking off lightcone (characterize by rapidity yg)

» Only differ by an order of limits




Definition of the schemes

Lattice

Quasi

¢

LR

e

Collins

Continuum



Factorization derivation steps

Lattice
Quasi Step 1: same at large rapidity P* >> Ay
; » Expand & relate their variables
» Take Wilson line length || — oo

LR

—t— Step 2: need a matching coefficient
» Different UV renormalizations

Collins > Nontrivial relationship

Continuum

Focus on beams: quasi-soft function is chosen to reproduce the Collins soft function




Step 1: Quasi to Large Rapidity

Compare Lorentz invariants
formed from beam function
arguments b*, P, 6*, nvH

Use boosts to show quasi = LR
as [n| — o & P*>> Agcp

Quasi LR
b2 —b% — (b°)? —bz
(nv)? —if’ —2n°e™”
P-b —mhgz sinh Yp %b_eyp
b- (1v) b* b e’
n sgn(n)| - sgn(1)
IRl | [y + 62 V2br
P - (nv . :
P2(|7777'u)| = sinh y 5 sgn(n) sinh(yp —yB) sgn(n)
ﬁ (52)2 0
b2 by + (b*)?
b6 e 0
b2 b2 + (b*)?
P-.6
P-b ! :
J-
(mv) 1 1
b- (nv)
p? mi, i




Quasi to LR: same at Large Rapidity

Quasi LR
— b7 — (b°)? b7
Matching up Lorentz invariants implies: i _on?ePvs
sinh(yp)sgn(n) = sinh(yp — yp) sgn(®n) |ubsinhy; %b‘e’“’
. [;Z b~ e¥YB
=L | sgn() *— sgn()
' ———= | sinhypsgn(n)
— A7~ b2 2 ' 72)2 0
Needyp —Yp =YVp bz + (v*)
bio (6)? 0
b* b3 + (b%)?
P-6
o 1 1
6 - (nv)
1 1
b (nv)
p? m? my,




Quasi to LR: same at Large Rapidity

Previous slide:
YB =Yp —Yp

Need:

~ mp . _
—mpb, sinhys = —b~e’?

—mpb® sinhy 5

)

V2
Finite P - b & yp — finite b~

For quasi, y5 = o, so b* = 0

. ’ g . sgn(n
V |(nv)2b?] \/(bz)2 + b2
P - (nov) : :
sinhy 5 sinh - S
\/W n yP Sgn(n) m (yP yB) gn(n)
52 (Bz)Z
12 2 7 0
b b + (b%)?
b-6 (b*)2
b2 2 1 (h?)2 0
b2+ (b°)
P-4
b 1 1
6 - (nv)
1 1
b (nv)
p? m? mi




Quasi to LR: same at Large Rapidity

Need 7 = V2 eVBp ‘

b- (nv) b* b~ eYB
VBl | /()2

| In ys — —oo limit, by > b, I




Factorization derivation steps

Lattice

Quasi

¢

LR

b

Collins

Continuum

Step 1: Same at large rapidity

Step 2: need a matching coefficient
» Different UV renormalizations

» Nontrivial relationship




Step 2: Large Rapidity to Collins

Collins Large Rapidity (LR)
Q; Q;
.. . . R i/h . . R i/h
Limits LUy e 2 Aoy
+ +
Beam Q)b P e, —oonp(ys), bny] | QX N(b, P,e,—cong(yp), b7ny)
Soft sk [by, €, —ony(ya), —oonp(yp)] sk [by, €, —o0ony(ya), —oonp(yp)]

» Order of UV limits cannot affect IR physics
» But if non-commuting — perturbative matching coefficient

» Non-commutativity can arise from divergences

. . o g . Q Q o)
Intuition for rapidity divergences, / dk _ hm[ / di Ro(k, )+ / d?k R(k, T)] I qg
q 0 qr T

which arise from factorization: r ko0
S——

full collinear soft




Rapidity divergences and matching

Can see even at one loop. Contains terms like:

dk pt—k* [ % 1 1
I= ikrbr _
L/(27r)dk2(p—k)2 (e )[nB-k+z'5+nB-k—i5]

Collins: directly carry out the integration

LR: integrate over k% & k*, get a log, then
expand in p, > k before integrating over Kk :

k2+2p!, /K2 +p2+2p'2 )
k2
T

ln(

: d—2 R

e A [l G i
4 ) (2m)* k. P; 1+ k2 /p? Kip

Yield different values: ~
fir = C; (xPZ' ,Ll) f coltins

° i 1 1 An'?D 2 49'%b 2 bQ 2
COlllllS = (472) [g - 51112 ( pbgT) +ln( pbOT) +In( Tl;g )_2:|

_ i 11 w1 g by’ pry
LR—(47r)2 [5_2+Z(2+1n4p;2)_51n ( b2 )Hn( B )(2““4;);2)_5

Schindler, Stewart, and Zhao (2022).



Factorization derivation steps

Lattice

Quasi

T

LR

3

Collins

Continuum

Step 1: Same at large rapidity .:7

Step 2: Pick up a matching coefficient .U

Step 3: Combine to get full factorization




Lattice-to-physical factorization

Quasi-TMD . Collins TMD
(lattice) Matching RGE for ( (continuum)

- _ _ _ 1 . 4 .
7l (x, By, 1, xP?) = €, (xP%, 1) exp [Eyg(u, br) In g] firl (x.br,1,0)

/ Power corrections

1 Ajep
(xﬁZbT)z , (xﬁz)z

Z — (prZ)ZQZ(yB—yn)

x{l-l—(?

}

Note that this formula connects physical continuum TMDs
to the renormalized continuum limit of lattice calculations.

Ebert, Schindler, Stewart, and Zhao (2022).



What 1s the matching coefficient?

~

N 5 . _ y 5
flgsb], (x, by, u, ¢, XPZ) = C; (xPZ, u) exp [?(ln g] fLES}]I (x, br, U, ()

Convenient properties:
» Independent of spin
» No quark-gluon or flavor mixing

» Known at one-loop & logarithmic terms



NLO matching coefficients

Recall: only rapidity divergences contribute! For the gluon:

ov(_b ou(h v 5 k_ k_
ey e ey o) Gp (=) v GG Gp(=) e Gpr(h)
k

o 3) 4 G (-8 G&(3) kT e El’“ : 5 7 F /m> G (-5 §Gz”(%) T oy Q&Qe §;%
Elﬁ p P pT‘ muElp pT ﬂ’évp E P “

(a) (b) (e)
Gl Gr®) Grh  ard)  Grh () Greh  ard Gr(-3) GrG) 6 GrE)
= % S g J oY *eeeeﬂ 2, ?
SEER TR EA kv%@f e N g g, E |k,
205% 4 3|P \QQM» + @@}f‘ %9/ 3 p P
o8 3 PRy d r
(c) (f)
ov(_b b ov(_b (b
S S SEeE S8 G O G G Gy G, GTCY G
R [ Em T S T
P 3 P + p 3 p P 200, P p /4
Z v ; Rs “
’ (8) (h)
(d)

Casimir scaling for quarks and gluons

aCp 12(2xPZ)2 2 In(2xP?%)? 2

— + — 4+ —|+ 0(a?
A f e u? 6 (as

Ci(pxP?) =1+

Schindler, Stewart, and Zhao, 2205.12369.

Note that Casimir scaling only holds if one chooses F*? rather than F°P or F3P (Zhang et al., 2209.05443)



N'LL terms

RG evolution: d N
dln(zxﬁZ) il q(x )M) yc( X ,‘I_[)

Turn the crank, get matching coefficient:

fas(ZxISZ) da fas(u) dao'

Blal),  Bla']

P @huple’) + vl
as(U

Ci(xP7, ) = Cilas ()] exp [

— N"LL straightforward to compute from higher-order anomalous dimensions.

Example, NLL:
C,(xP2, )" = —2K3(2xP7, ) — KJ(2xP7, 1)

Ebert, Schindler, Stewart, and Zhao (2022).




Spin independence

r
Beam = <P ‘c‘liz—WzF(b, nv, 8)q;| P

> Spin structure example:

— €or '] ST
fq/hs(x,CIT) = fil@.qr) — == fir(e, ar)

'€ {mays ic ys}

Quark Polarization

Un-Polarized Longitudinally Polarized Transversely Polarized

(V)] (L) ()

-0 ht = (-
Unpolarized Boer-Mulders
f 1
: g1=(=r = | hip =(De= (-
Helicity Worm-gear

flLT = é _ @ glLT - @ _ é TransverSIty
Sivers Worm-gear @ @

Pnetzelosrty

Ebert, Schindler, Stewart, and Zhao (2020).



No flavor or quark-gluon mixing

Gov(0) Ger(p) G2¥(0)  GEr(b) T T T T
é p—k Ek W < )
T

The diagrams above are the same for quasi, LR, and Collins:
» Can see directly from factorization derivation

» So, only two coefficients C, & C
» Can do gluon TMDs!

Ebert, Schindler, Stewart, and Zhao (2022).



Status of the lattice



Lattice targets

Full TMDs
(hadrons,
flavors,
spins)

do=H|[®f

B—

[ =Zyy —

Beam functions

_—" (& ratios)

~ Soft factor

VS

—
f = C X flattice

——

B

~ (indirect)

CS kernel
(¢ evolution)



CS kernel from beam ratios

From the factorization formula:

1 CT™D (y xPZ) [ dbZeib**Pi7! 7
InP?/P;  CTMD(y, xP?) [ dbZelb*xP; 7! 7

Yg(”v bT) —

Dependent on few parameters
compared to RHS!

» No soft function needed

> Can set up Z,., to remove power law divergences in
numerator and denominator

Ebert, Stewart, and Zhao (PRD 2019).



CS kernel lattice results

T oo

— — ! *_

. - o -+ -9 43 -
Z 2 T gy IF

3 & A
‘.\-l .A' 'l‘ ) =

Il | 1

3 = i
g O 1
e < SWZ Regensburg / NMSU 21 I'h

PC 20 ETMC / PKU 21
by [fm] by [fm]

Recent first lattice results!

However, large systematic uncertainties.

Shanahan, Wagman, Zhao (PRD 2021).




Soft function on the lattice

» Soft function also runs into lightcone Wilson staple issues

» Can express soft as ratio of meson form factor with

100 4

S

1071 4

1-loop

3||
Al —

S,
P?=1.05GeV, y=2.17
P?=1.58GeV, y=3.06
P?=2.11GeV, y=3.98

1

tel bt

0.1 0.2 0.3

0.4 0.5 0.6 0.7
b, /fm

convolution of two meson wavefunctions

1.6
1.4
1.2

~1.01x

_|
= 0.81
A

0.6
0.41
0.21

1 —loop - 20 - 2r
1 —loop 7 N2 7 — @R
S WS EP I EP - 6T
3
™
\ I
.\. -
\ a -
N 4
& B ¥
\ X

0.0~

0.0

02 03 04 05 06 0.7
b lfm

Ji, Liu, Liu (NPB 2020). LPC collaboration (PRL 2020). Li et al. (PRL 2022).



TMD ratios from beam ratios

Ratios of different TMD spins, flavors, or hadrons can be calculated
directly from lattice beam functions:

4] gl
lim —ZL% = i —ZL"
700 f[Fz] oo 5(I'2]

qj/h' qj/h'

This follows from the quasi-to-Collins factorization formulas:

1,3 B, /i
1 r il : qi
C; exp [Ey‘(lnz] folw = Fom = limZyy N

Lattice-to-continuum TMD Factorization of a lattice TMD
factorization into matrix elements



MHENS on the lattice

First lattice studies!
» Suggested ratio method

» Focus on x-integrated TMDs, so renormalization is
less of a problem

Caveat:
» So far, no matching corrections

» Procedure to carry out simulations with matching,
x-dependence, soft functions not yet known



MHENS lattice results: Sivers sign change

Un-Polarized

(u) » Sivers has different signs in DY & SIDIS

» Can verify on the lattice using ratios at

L .
N fir = (b - @ various by values

Sivers

0.6 S Shin I T
~ [ fvers= _ E Sivers Shift (SIDIS)
> 04) 5 -0.20F
) a;—_I—I-!_!_:_;_} o
s 02f gl s -025} I [
— [ - = [
AR | "o t b I
‘> 00 - = -030}
5 | ¢=041, s | S -035F §I
32 7020 | byl =025 fm bt LTI ] B i I
L : 7l = 0. , — ] t Clover
L = [
5 -04° DWF II 5 § -040¢ Ibr| = 0.34 fm T OWF
A - DY SIDIS —| T A ]
_0. L 1 1 L 1 1 L Il 1 Il Il 1 1 Il 1 1 1 1 Il 1 *
"o -10 s 0 5 0 o 0.0 0.1 0.2 0.3 0.4 0.5
nlv| (lattice units) ¢

Yoon, Engelhardt, Gupta, et al. (PRD 2017).



MHENS lattice results: Boer-Mulders shift

Transversely Polarized

(T)

=-O
U hl- 00r

Boer-Mulders

S
2 —0.1
o ]
e prEd enidd
,l\\ 03 ... ° _
- = ! » = /=203 |
» Pion u-quark Boer-Mulders < ol . o botor |
shift in SIDIS 0 . Me=518MeV o =0
% 02 04 06 08 10
1 Ibr| (fm)
hy

meT
1

MHENS (PRD 2016).



Caveat: nontrivial MHENS-to-Collins connection

For the case P - b = 0 (focus of all studies so far) MHENS and
quasi have an equivalent renormalization, soft function, etc.

r 2 x Sz o~ ''MHENS T 2 ~
/d.’L’ f(gf}h(xabT7“7C7$P 777) fcg /]h ( 07 bT,,LL,P yYn — yB7T’)

For the case P - b #= O:

» Non-trivial cusp angles y, even b\/

asm — ©

» b?-dependent Wilson length

» Implies renormalization, soft
are b?-dependent and won’t
cancel out 1n ratios at finite 1

Ebert, Schindler, Stewart, and Zhao (JHEP 2022).
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Status of the lattice

CS kernel ¥
Spin-dependent TMD ratios bd
3D structure ratios pd
Flavor ratios bd
Normalized TMD X
Proton-pion TMD ratios X
X

Gluon T S




Conclusion



Implications of factorization

Quasi-to-Collins matching coefficient: quite convenient...

» No spin dependence

» No quark-gluon or flavor mixing (simpler to get gluon TMDs!)
» NLO & N"LL results: generalized Casimir scaling
>

Same as LR-to-Collins coefficients, so can compute as the
rapidity-divergent diagrams in different orders of limits

Implies validity of taking quasi-TMD ratios...
»> Pz ratios for CS kernel

» Beam hadron, flavor, spin ratios for full TMD ratios



Our contributions

1. New unified TMD notation

2. New scheme (LR)

3. Lattice-to-physical TMD factorization: convenient!

Quasi-TMDs have a straightforward, rigorous
connection to physical TMDs




