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A “constructive” introduction
Let us start with a generic bi-local (quark) operator:

 is generic Dirac structure, i.e. a linear combination of  .Γ {𝕀, γ5, γμ, γ5γμ, σμν}

In order to attribute to  any physical meaning, we need to make it gauge invariant.𝒪
Introduce the parallel-transport operator  (often called Wilson line in this context):W

<latexit sha1_base64="+bWlIeTtt1kSsdJSL8qJ6OTJD5c="></latexit>
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The gauge invariant version of   is then:𝒪

<latexit sha1_base64="94kredg6Q4C1v+yizJH9Wm0AnFs="></latexit>
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µ +Dµ�
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Now consider the case in which  is highly boosted along  (as if  it was involved 
in a high-energy collision): this frame is called Breit (or infinite-momentum) frame.

𝒪 −z

Working the Breit frame has two main important consequences:
, therefore in light-cone coordinates .bz ≃ − cbt b ≃ (0, b−, bT)

In addition, the coefficients  get enhanced, unchanged, or suppressed:{A, B, Cμ, Dμ, Eμν}
 enhanced (twist 2),  unchanged (twist 3),  suppressed (twist 4).C+, D+, E+i A, B, Ci, Di, Eij, E+− C−, D−, E−i
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O =  (b)� (0)

<latexit sha1_base64="NDLGA+BduLh4/Hnnz735P0NRvfo="></latexit>

O =  (b)�W (b, 0) (0)



Further readings: Ji [Phys.Rev.Lett. 91 (2003) 062001], Belitsky, Ji, Yuan [Phys.Rev.D 69 (2004) 074014], Belitsky, Radyushkin [Phys.Rept. 418 (2005) 1-387]

A “constructive” introduction
Therefore, a particularly interesting operator is the “unpolarised” one:

(in fact, also the others are interesting but in this seminar I will focus on this one.)
To connect this operator to an observable we need to take a matrix element.
We bracket it with two, generally different, hadronic states:

Finally, it is usually more phenomenologically relevant to study the momentum 
behaviour of  any such matrix element. We thus take its Fourier transform:

This is a (sketchy) definition of  generalised transverse-momentum dependent 
(GTMD) correlator. 
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O =  (b) �+ W (b, 0) (0)
��
b+=0
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M = hH 0(p0,�0)| (b) �+ W (b, 0) (0) |H(p,�)i
��
b+=0

GTMDs can be regarded as “mother distributions” (cit. Meißner, Metz, Schlegel [JHEP 08 (2009) 056])
They encode “the most general one-body information of  partons, corresponding to the 
full one-quark density matrix in momentum space” (cit. Lorcé, Parquini, Vanderhaeghen [JHEP 05 (2011) 041])). 
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Pretty much all relevant hadronic distributions in high-energy physics can be made 
descend from GTMDs. Introducing the definitions:

A “constructive” introduction
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P =
p+ p0
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� ⌘ p� p0

A common set of  kinematic variables used to parameterise GTMDs is:
<latexit sha1_base64="bKkt3uxTUlMQbX6960ZV/glvzFw="></latexit>
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k+ ⌘ xP+
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t = �2

A (partial) genealogy of  GTMDs then looks like this:
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A sound GTMD definition
A proper definition of  GTMD distributions requires a combination of  a GTMD 
correlators and soft function.
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Wv,i(bT ) = P exp
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[Phys.Lett.B 759 (2016) 336-341]

Working in  space, i.e. the Fourier conjugate of  the partonic transverse momentum 
, is convenient:

bT
kT

The unpolarised GTMD quark and gluon correlators are defined as:

The soft function in non-singular (Feynman) gauge reads:

where the Wilson line is defined as:
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Graphical representation of  the GTMD correlators:

Graphical representation of  the soft function:
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Pin/out = P ± �

2
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t = �2
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⌘ = yn+ bT
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A sound GTMD definition
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Renormalisation of  GTMDs
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Z�1
S,i (bT , Q, ⇣, µ, �, ✏)Ŝi(bT , Q, �, ✏)

GTMD correlators and soft function are separately affected by UV, IR, and rapidity 
divergences that need to be regulated in order to perform any calculation:

UV and IR divergences are regulated through dim. reg. in  dimensions,4 − 2ϵ

rapidity divergences require an ad hoc procedure (see below).

While IR and rapidity divergences cancel out, the UV ones need to be renormalised:

Renormalisation constants  in the  at one-loop accuracy are presented below.Z MS

We can thus obtain the renormalised GTMD distributions:

Renormalisation of  UV divergences leads to the introduction of  the scale , while 
the renormalisation of  rapidity divergences introduces the scales  and .

μ
ζ Q
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Renormalisation of  GTMDs

<latexit sha1_base64="3YAmbTPsJQE4RUscIg5VkX8Mlog="></latexit>

d lnFi/H(x, ⇠,bT , t, µ, ⇣)

d ln
p
⇣
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d lnµ

Exploiting the independence of  the bare quantities from the renormalisation and 
rapidity scales allows us to derive evolution equations:

The anomalous dimensions  and  are naturally related to the renormalisation 
constants:

Ki γi

Moreover, the requirement that cross derivatives are equal leads to introducing a 
further anomalous dimension:

<latexit sha1_base64="e0B4b5ZHPl1dvpeV/xBbIX+Ojww="></latexit>
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Renormalisation of  GTMDs

<latexit sha1_base64="t+e7K9Xi3BrzMgNH6ozKcNmpZKY="></latexit>
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The final form of  the GTMD evolution equations reads:

All kernels are purely perturbative quantities.

We can solve the evolution equation obeyed by the anomalous dimensions  and . 
In this respect it is crucial to choose wisely the boundary-condition scales.

Ki γi

For the rapidity kernel , the most convenient scale is  so that:Ki μ = μb = 2e−γE / |bT |

For the renormalisation kernel , the most natural choice is  so that:γi ζ = μ2/(1 − ξ2)

where we have defined
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Matching on GPDs
<latexit sha1_base64="eXXhhy2F/DrFjjDmNaN0wrBvXDY="></latexit>
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Inspired by TMDs, we define a set of  matching functions  that for small values 
of   allows us to express GTMDs in terms of  their collinear counterpart: GPDs.

𝒞
|bT |

In order to compute the functions , we make use of  the parton-in-parton 
distributions in which hadronic states are replaced by partonic states:

𝒞i/k

Since the action of  partonic fields on partonic states is computable perturbatively, the 
following perturbative expansions are meaningful:

Given the matching formula, the strategy is to compute  and  in perturbation 
theory to finally extract .

ℱi/j Fk/j
𝒞i/k

<latexit sha1_base64="5K0uKYDuh2/Z0KwMmta4jYRjkwM=">AAACK3icbVA7T8MwGHR4lvAKMMJg0SAxVUmFgAWpgoWxSPQhNVHlOE5r1XnIdlCrKAu/hoUB/goTiJX/wIjbZknLSZbOd/fZ+s5LGBXSsj61ldW19Y3Nypa+vbO7t28cHLZFnHJMWjhmMe96SBBGI9KSVDLSTThBocdIxxvdTf3OE+GCxtGjnCTEDdEgogHFSCqpb5yYpu6MUJIgeAOdgCOcOWOaZ+NcN82+UbVq1gxwmdgFqYICzb7x6/gxTkMSScyQED3bSqSbIS4pZiTXnVSQBOERGpBMqMCQ+GXRC0v3nqIRColws9mqOTxTig+DmKsTSThTSy+gUIhJ6KlkiORQLHpT8T+vl8rg2s1olKSSRHj+UZAyKGM47Q36lBMs2UQRhDlVC0E8RKovqdrVdVWVvVjMMmnXa/Zl7eKhXm3cFqVVwDE4BefABlegAe5BE7QABs/gBbyBd+1V+9C+tO95dEUrZo5ACdrPH6GmpoA=</latexit>

 =
⇠

x

<latexit sha1_base64="P5cHQ1tjYMA7XR/pXqYyFqXNIlA="></latexit>

Fi/j(x, ⇠,bT , µ, ⇣) = Ci/k(x,,bT , µ, ⇣)⌦
x
Fk/j (x, ⇠, µ)

GPD



11

(1 + ξ)p (1− ξ)p

−yn

2

yn

2

F̂ [0]
g/g(x, ξ) =

(1 + ξ)p (1− ξ)p

−yn

2

yn

2

F̂ [0]
q/q(x, ξ) =

<latexit sha1_base64="M2xv0oafAoWcHORmZ0XBtKD6YP8="></latexit>

F [0]
i/j(x, ⇠,bT , µ, ⇣) = F [0]

i/j(x, ⇠, µ) = Dj(⇠)�ij�(1� x)

<latexit sha1_base64="xMHpuE3n4v5C949yV0iGFnRzGsQ="></latexit>

C[0]
i/k(x,,bT , µ, ⇣) = �ik�(1� x)

The leading-order calculation is easily done considering the following diagrams:

The result is:

with .Dq(ξ) = 1 − ξ2 and Dg(ξ) = 1 − ξ2

It immediately follows that:

Matching on GPDs
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<latexit sha1_base64="JeKp5LHa+5sbFaLXFgXEBfE3gOg="></latexit>

C[1]
i/j(x,,bT , µ, ⇣) = D�1

j (⇠)
h
F [1]

i/j(x, ⇠,bT , µ, ⇣)� F [1]
i/j (x, ⇠, µ)

i

<latexit sha1_base64="Y3laeCMND4b4dSmxoqt8b+iMX34="></latexit>

C[1]
i/k(x,,bT , µ, ⇣) = D�1

k (⇠)
h
�[1]

i/k(x, ⇠,bT , µ, �)� F [1]
i/k (x, ⇠, µ)

i
�1

2
�ik�(1�x)S[1]

i (bT , µ, ⇣, �)

We now move to NLO where we have:

that in terms of  parton-in-parton GTMD correlators and soft function reads:

Matching on GPDs

The one-loop corrections to the GTMD matching functions can finally be written as:

Notice that both  and  are separately affected by a rapidity divergence.𝒫[0],real
i/k S[1]

i

<latexit sha1_base64="pc4qzX94u5QGFeqcumNG49ZXK5U="></latexit>

C[1]
i/k(x,,bT , µ, ⇣) = �P [0],real

i/k (x,, �) ln

✓
µ2

µ2
b

◆
+R[1]

i/k(x,)�
1

2
�ik�(1�x)S[1]

i (bT , µ, ⇣, �)

The terms in the squared brackets (GTMD correlators and GPDs) are computed 
diagrammatically and their combination is IR finite.
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Regularising rapidity div.
<latexit sha1_base64="WrgMiGUOEHYn4I7Q4Y0iV+demRs="></latexit>

1

(n · k) ! PV
1

(n · k) =
1

2


1

(n · k) + i�(n · p) +
1

(n · k)� i�(n · p)

�
=

(n · k)
(n · k)2 + �2(n · p)2
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1

1� z
!

✓
1

1� z

◆

+

� �(1� z) ln �
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Cg = CA = Nc = 3

Cq = CF =
N2

c � 1

2Nc
=

4

3
<latexit sha1_base64="d6BrOxxZWttoxcVC57+FktaZoHU="></latexit>

Kq =
3

2

Kg =
11CA � 4nfTR

6CA

To regularise rapidity divergences we resort to the principal-value (PV) prescription:
[Nucl.Phys.B 175 (1980) 27-92]

Parameterising the + component of  the loop momentum  as , this translates in:k k+ = zP+

With this at hand, the “real” part of  the splitting functions can be written as:

The rapidity divergence of   is now explicitly exposed:𝒫[0],real
i/k

<latexit sha1_base64="3H+X49w6IySTaxT1O5cEoJDH/GA="></latexit>

P [0],real
i/k (x,, �) = P [0]

i/k(x,)� P [0],virt
i/k (x,, �)

= P [0]
i/k(x,)� �ik�(1� x)2Ci


Ki � ln(1� ⇠2)� 2

Z 1

0

dz

1� z

�

= P [0]
i/k(x,)� �ik�(1� x)2Ci

⇥
Ki � ln(1� ⇠2) + 2ln �

⇤
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i/k(x,,bT , µ, ⇣) = �P [0]

i/k(x,) ln
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µ2
b
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2Ci

�
Ki � ln(1� ⇠2) + 2ln �

�
ln

✓
µ2

µ2
b

◆
� 1

2
S[1]
i (bT , µ, ⇣, �)

�

We need to verify that this rapidity divergence cancels against the soft function.



Soft function at one-loop

k

α, µ

β, ν

n

n n

n n

n

n

n

α, µ

β, ν

k

(a) (b)

+ h.c.bT 0 bT 0
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The one-loop correction to the soft function arises from the following diagrams:

The calculation must be done using the the same PV regularisation procedure for rapidity 
divergences used in the GTMD correlators:

<latexit sha1_base64="CDWPydwogAO4242OgqWjcBN24DM="></latexit>

Ŝ[1]
i (bT , Q, �, ✏) = �4Ci(4⇡µ

2)✏�(�✏)

✓
b2T
4
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ln

Q2�2
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b

�  (�✏)� �E
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= 4Ci

✓
�
S2
✏

✏2
+

1

2
ln2

✓
µ2

µ2
b

◆
�

✓
S✏

✏
+ ln

✓
µ2

µ2
b

◆◆
ln

✓
µ2

Q2�2

◆
+
⇡2

12
+O(✏)

◆

The appearance of  the scale  is a consequence of  the PV regularisation of  the 
 and  eikonal propagators. They introduce the external light-like 

momenta  and  defined such that .

Q2 ≫ Λ2
QCD

1/(n ⋅ k) 1/(n ⋅ k)
p p (p + p)2 = 2p ⋅ p ≡ Q2



Soft function at one-loop
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The one-loop soft function is affected by a UV double pole that is renormalised in  by 
means of  the renormalisation constant:

MS

<latexit sha1_base64="KRs+Y3bKKmlUrP9fno3gzhpl/lM="></latexit>

ZS,i(bT , Q, ⇣, µ, �, ✏) = 1�
↵s

4⇡
4Ci


S2
✏

✏2
+

S✏

✏
ln

✓
µ2

Q2�2

◆
+ ln

✓
µ2

µ2
b

◆
ln

✓
⇣

Q2

◆�
+O(↵2

s)

The arbitrary scale  is introduced to parameterise the finite part of  the renormalisation 
constant.

ζ

Finally, the one-loop renormalised soft function at one loop reads:
<latexit sha1_base64="Fx/KnJsofI3JXo2zvbVeglgXLxs="></latexit>
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b
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� 2 ln
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ln
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⇣
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+
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6

◆

This result guarantees the cancellation of  the rapidity divergence in the matching 
functions that, using this result, become:
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�

This result is finite and we are just left with extracting .ℛ[1]
i/k
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 can be extracted by retaining the  order in the computation of  the parton-in-
parton GPDs:
ℛ[1]

i/k 𝒪(ϵ/ϵ)

“incidentally”, this was done in [arXiv:2206.01412] (just accepted for publication in EPJC).

At one-loop (and light-cone gauge) the diagrams to be considered are:

GTMD correlators at one-loop

Only “real” diagrams.



GTMD correlators at one-loop
The the full GTMD correlator at one loop takes the form:

Only the “virtual” part of  full GTMD correlator is UV divergent.

The UV divergence is renormalised in  by means of  the following (flavour diagonal) 
renormalisation constant:

MS

<latexit sha1_base64="CwAnYw0IjdmMP0Dlz5eb+CApR6Y="></latexit>

Z�,i(⇠, µ, �, ✏) = 1 +
↵s

4⇡
2Ci

�
Ki � ln(1� ⇠2) + 2 ln �

� S✏

✏
+O(↵2

s)

This renormalisation constant, along with that of  the soft function, is necessary to 
compute the one-loop correction to the GTMD anomalous dimensions.
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Working in the non-singlet/singlet basis:

The functions  take the following general structure:ℛ[1]
i/k

“DGLAP” term “ERBL” term

where:

GTMD correlators at one-loop
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Anomalous dimensions
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We can finally compute the one-loop correction to the GTMD anomalous dimensions:
<latexit sha1_base64="LxdAggN/4YYqfHeaR4Kpu6FWmaw="></latexit>
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d lnµ

Given the renormalisation constants presented above, and their combination:

one readily finds:
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K [0]
i = 0 �[0]

F,i = 4CiKi �[0]
K,i = 8Ci

The first coefficient of  the expansion of  the anomalous dimensions is:

Unsurprisingly, these results coincide with those obtained in the TMD framework.
[Collins, Camb.Monogr.Part.Phys.Nucl.Phys.Cosmol. 32 (2011) 1-624]
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Given the general result:

setting  eliminates all logarithmic terms:μ = μb
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We can now take the forward limit  that is equivalent to taking :κ → 0 ξ → 0

which reproduces the well-known TMD results [Collins, Camb.Monogr.Part.Phys.Nucl.Phys.Cosmol. 32 (2011) 1-624].
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Each function  is generally complex and can thus be decomposed into a real and an 
imaginary part:

Fi
1,l

Reconstructing GTMDs
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F i,e
1,1(x, ⇠, bT , t, µ, ⇣) = f1,i(x, bT , µ, ⇣)

We can now use the matching functions to reconstruct GTMDs.
The unpolarised GTMD distributions can be decomposed as: Meißner, Metz, Schlegel [JHEP 08 (2009) 056]

The real part of   ( ) in  space for small  and for  is related to the 
GPDs  and  precisely by means of  the matching functions:

Fi
1,1 Fi,e

1,1 bT |bT | μ2 ≃ ζ ≃ μ2
b

Hj Ej
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Moreover, the forward limit of   is the unpolarised TMD :Fi,e
1,1 f1,i
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We can evolve  to any scale by solving the evolution equations:Fi,e
1,1

 matching functions allow us to reach NNLL accuracy. Anomalous dimensions (that 
coincide with the TMD ones) need to be evaluated accordingly.
𝒪(αs)

Extrapolation to large  is obtained a la CSS, i.e. by means of  a  prescription:|bT | b*

and introducing an appropriate non-perturbative function . The final result is:fNP
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The evolution operator (or Sudakov form factor) is given by:

Finally the GTMDs in  space are obtained by inverse Fourier transform:kT
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The numerical code used to compute  is public:Fi,e
1,1

https://github.com/vbertone/GTMDMatching

and is based on a combination different public codes:

PARTONS [https://partons.cea.fr/partons/doc/html/index.html] for the handling of  GPDs:

the Goloskokov-Kroll (GK) model for the GPDs  and  has been used.Hj Ej

NangaParbat [https://github.com/MapCollaboration/NangaParbat] for the handling of  TMDs:

the PV19 [JHEP 07 (2020) 117] determination of   along with the  function.fNP b*

APFEL++ [https://github.com/vbertone/apfelxx] is used for:

the numerical computation of  the convolutions, 

the collinear evolution of  GPDs, 

the computation of  the Sudakov form factor, 

the inverse Fourier transform.

https://github.com/vbertone/GTMDMatching
https://partons.cea.fr/partons/doc/html/index.html
https://github.com/MapCollaboration/NangaParbat
https://github.com/vbertone/apfelxx
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The  behaviour of   presents a 
divergence at .

x Fi,e
1,1

x = ξ

This enhancements is probably signalling 
the need for some sort of  resummation.

Logarithmic enhancements caused by large threshold logarithms of  the kind
 have been studied in the past: ln(1 − x /ξ)

Altinoluk et al. [JHEP 10 (2012) 049] have studied the resummation of  these logarithms in 
deeply-virtual Compton scattering (DVCS) obtaining a Sudakov-like resummation by means of  
the hyperbolic cosine.
More recently Braun et al. [JHEP 09 (2020) 117], within the context of  a fixed-order NNLO 
calculation of  DVCS, have challenged the result.

A few days ago Schoenleber [arXiv:2209.09015] has derived a resummation formula that closely 
resembles that obtained for threshold logs in inclusive DIS. This result agrees with  [JHEP 09 
(2020) 117] but disagrees with [JHEP 10 (2012) 049].

Further investigations are necessary.

Musatov and Radyushkin [Phys.Rev.D 56 (1997) 2713-2735] have analysed  arguing that 
the Sudakov resummation of  thresholds logarithms takes place in an “unconventional” form, 
leading to an enhancement rather than to a suppression in the Sudakov region.

γ*γ → π0
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At present, the study of  the hadronic structure is a very alive branch of  particle 
physics. 

While it started with the need to to describe high-energy processes, it has proven to be 
a very prolific research field that gives us access to a mine of  information. 

As the study of  PDFs has reached impressive precision, the determination of  TMDs 
is quickly catching up, and phenomenological extractions of  GPDs are taking their 
first steps, GTMDs represent the next and ultimate frontier. 

GTMDs can be regarded as “mother” distributions, directly connected with the long-
sought Wigner distributions, from which all others descend. 

Tools to attack GTMDs are currently being developed: 
the computation of  the matching functions is only one of  them, 

other examples are: factorisation theorems, model developments, lattice calculations, etc. 

Much work still needs to be done but a lot of  effort is being put into this field both on 
the theoretical and experimental side. The EIC is on the horizon and is expected to 
be a real breakthrough for the study of  the hadronic structure.
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We now move to NLO where we have:

Considering the definition of  the GTMD distributions and the perturbative 
expansions of  parton-in-parton GTMD correlators and soft function:

such that:

the one-loop correction to the matching functions are thus computed as:

Matching on GPDs
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The computation of   can be simplified by observing that:𝒞[1]
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where by “real” we denote those diagrams that have attachments between the  
and the  legs, while “virtual” those that have not, e.g.:

−η/2
η/2

Real Virtual

<latexit sha1_base64="R16dnjYp7MU7RCCy2jPqQ59VtdY="></latexit>

�[1],virt
i/k = F [1],virt

i/k

<latexit sha1_base64="YcQCElG49INtc+sI6lOpjVPIE4M="></latexit>

�[1]
i/k � F [1]

i/k = �[1],real
i/k � F [1],real

i/k

It is easy to see that in  space:bT

so that:

Therefore, we only need to consider “real” diagrams (“virtuals” cancel out).

Matching on GPDs
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Moreover, the “real” part of  the renormalised one-loop GPDs has the form:

<latexit sha1_base64="Q4jhJxlxvaZj5VjdVrfUx/EFn0I="></latexit>

�[1],real
i/k (x, ⇠,bT , µ, �) = �Dk(⇠)

h
P

[0],real
i/k (x,, �)� ✏R[1]

i/k(x,)
i
µ2✏⇡

✏b2✏T (1 + �E✏)

✏IR
+O(✏)

<latexit sha1_base64="wl+2xoNp01H2pzrr4VXoyMtenNA="></latexit>

F [1],real
i/k (x, ⇠, µ) = Dk(⇠)S✏


P [0],real
i/k (x,, �)

✓
lnµ2 � µ2✏

✏IR

◆
� ✏R[1]

i/k(x,)

✓
µ2✏

✏UV
� µ2✏

✏IR

◆�

while “real” part of  the (UV convergent) GTMD correlator is:

Their combination is finite in four dimension, we can then take the  limit:ϵ → 0
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The one-loop corrections to the GTMD matching functions can thus be written as:

Notice that both  and  are separately affected by a rapidity divergence.𝒫[0]
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i
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GTMD correlators at one-loop
Although we showed that for the computation of  the matching functions we only need 
the “real” contribution to the GTMD correlators (the “virtual” one cancels against 
GPDs), we have computed the full GTMD correlator (“real” + “virtual’):
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Because of  the “virtual” part, the full GTMD correlator is UV divergent.

The UV divergence is renormalised in  by means of  the following (flavour diagonal) 
renormalisation constant:

MS
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As shown below, this renormalisation constant is necessary to compute the one-loop 
correction to the GTMD anomalous dimensions.


