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Parton Distribution Functions (PDFs) describe the distribution of quarks inside hadrons

Through PDFs, we can learn about nonperturbative dynamics at low energy.

PDFs contribute to high-energy processes, they are determined phenomenologically through global analyses.

Phenomenology of proton structure

Those global analyses rely on the availabilty of data in the Deep Inelastic regime, theoretical framework (e.g. pQCD 
at NxLO) and a statistical methodology.
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PDFs are nonperturbative objects.

They represent the distribution of quarks and gluons in a given configuration of the parent hadron.

Q2 dependence known precisely in pQCD 

(x, Q2) interdependent variables

x dependence difficult to predict in theory 

Global analyses aim to extract the -dependence of PDFs from 
data with minimal guidance from first principles.


positivity constraints

support in 

end-point: 


sum rules: 


…

x

x ∈ [0,1]
f (x = 1) = 0

< x >n = ∫
1

0
dx xn−1 f (x)

Parton Distribution Functions — towards phenomenology
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State-of-the-art analyses

Phenomenolgical analyses of PDFs combine the most updated/available versions of all the “ingredients.”

PDFLattice White Paper 2020 6

FIG. 2 The CT18 PDFs at µ2 = 10 GeV2 for the xu, xū, xd,
xd̄, xs = xs̄, and xg PDFs. Error bands correspond to the
68% confidence level. Figure from (Kovař́ık et al., 2019).

current unpolarized PDFs, are shown in Fig. 2.
The latest general-purpose PDF determination from

the MMHT collaboration is MMHT14 (Harland-
Lang et al., 2015), which was later extended to
include HERA I–II legacy measurements (Harland-Lang
et al., 2016), jet-production measurements (Harland-
Lang et al., 2018), and di↵erential measurements in top-
pair production (Bailey and Harland-Lang, 2020) from
the LHC. These intermediate updates demonstrated that
experimental correlations across systematic uncertainties
have been improperly estimated for some of the ATLAS
jet and di↵erential top data sets. The features of a new
preliminary general-purpose PDF set were presented in
Ref. (Thorne et al., 2019), which included new LHC data
sets, notably the particularly precise 7-TeV ATLAS W -
and Z-boson measurements, which increase the ratio of
strange to non-strange light sea quarks at low x, whilst
still allowing for a positive light-sea-quark asymmetry,
albeit with a maximum at slightly lower x. The MMHT
fit has also been updated with an improved and extended
parametrization based on Chebyshev polynomials.

The NNPDF collaboration released their latest
general-purpose PDF set in Ref. (Ball et al., 2017). This
was later extended to include direct photon (Campbell
et al., 2018), single-top (Nocera et al., 2019), and dijet-
production measurements (Abdul Khalek et al., 2020)
from the LHC. A reassessment of the impact of top-
pair di↵erential distributions measured by ATLAS at
8 TeV was also presented in Ref. (Amoroso et al., 2020),
which demonstrated the di↵erent impact of absolute and
normalized distributions in the fit, and the importance
of fitting charm in their description. The NNPDF
collaboration has also developed a statistical procedure
to represent theory uncertainties in PDFs (Ball and
Deshpande, 2019), and applied it to missing higher-order
corrections (MHOU) in the strong-coupling expansion of

theoretical predictions (Abdul Khalek et al., 2019b,c),
and to nuclear uncertainties in observables obtained from
scattering o↵ nuclear targets (Ball et al., 2019). The
procedure consists in supplementing the experimental
covariance matrix with a theoretical covariance matrix
estimated by way of an educated guess. In the case of
MHOU, correlated uncertainties were estimated at next-
to-leading order (NLO) by varying the factorization and
renormalization scales according to various prescriptions;
in the case of nuclear corrections, correlated uncertainties
were estimated as the di↵erence between theoretical
predictions obtained either with a free-proton or nuclear
PDF. The representation of such uncertainties in PDFs
is likely to become mandatory in the future, because
their size is comparable to that determined from
the uncertainty of the data. The inclusion of such
theoretical uncertainties was demonstrated to improve
the description of the data, while increasing PDF
uncertainties only mildly.
In Fig. 3 we compare the CT18, MMHT14 and

NNPDF3.1 PDF sets at a scale Q = µ = 2 GeV.
Specifically, we display the following PDF combinations
from top to bottom and left to right: uv + dv = u �
ū + d � d̄, u � d, ū + d̄, d̄ � ū, s + s̄, s � s̄, c + c̄
and g. Note the special scale on the x axis. While
the three global analyses produce similar total valence
distributions uv+dv for 0.05 . x . 0.5, their predictions
on other flavor combinations could di↵er by 10% or more,
as in ū � d̄, ū + d̄, s + s̄, c + c̄ and g. In particular,
the c + c̄ PDF combination is largely di↵erent between
NNPDF3.1 and the other sets, given that charm is
parametrized on the same footing as other PDFs in the
NNPDF3.1 set, while it is generated perturbatively in
the others. Finally, note that the di↵erence s � s̄ is
not displayed for CT18 because they assume s = s̄;
MMHT14 and NNPDF3.1 determine s and s̄ PDFs
independently.

Beside the three general-purpose PDF sets described
above, other unpolarized PDF determinations have been
produced or updated recently, namely ABMP, CJ, JAM
and HERAPDF. These PDF sets are based on a reduced
set of measurements and/or on peculiar theoretical
assumptions. As such, they are more limited in scope.

The ABMP16 (Alekhin et al., 2017) PDF set is
the only unpolarized PDF set determined in a schemes
with a fixed number of flavors: for 3, 4 and 5 active
flavors separately. It was recently supplemented with
an extended set of single-top and top-pair measurements
from the Tevatron and the LHC and an increasing
number of DY data, notably recent ATLAS gauge-boson–
production distributions at 5 and 7 TeV and double-
di↵erential distributions for Z-boson production from
ATLAS and CMS. More stringent kinematic cuts have
been applied, which reduce the impact of higher-twist
terms included in the analysis.

The CJ15 (Accardi et al., 2016a) analysis determined
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FIG. 4: The extracted functions h1(x), f?(1)
1T (x), and H

?(1)
1 (z) at Q

2 = 4 GeV2 from our JAM3D-22 global analysis (blue solid
curves with 1-� CL error bands) compared to the functions from other groups. The generated Soffer bound (SB) data are also
displayed (cyan points). We note that for all groups the curves are the central values of the 68% confidence band.

A
⇡

N
measurements. Without including this information in the analysis (i.e., relying only on the standard TMD or

dihadron observables that are typically used to extract transversity), one does not find this solution for h
u

1 (x). This
function can actually describe all relevant SSAs considered here (TMD and collinear twist-3) sensitive to transversity
as well as obtain agreement with lattice tensor charge values. To further emphasize the fact that current TMD
observables and lattice are compatible, we also re-ran our analysis including only TMD observables (SIDIS, SIA, DY),
imposing the Soffer bound on transversity, and including the lattice gT data point. We found, similar to Ref. [118],
good agreement with experiment and lattice and a size for h

u

1 (x) that falls in between our JAM3D-22 result and those
from other groups (hd

1(x) remains similar to other groups, although slightly larger in magnitude than JAM3D-22). The
remaining increase in h

u

1 (x) seen in JAM3D-22 is due to the inclusion of A
⇡

N
data in the analysis.

Lattice QCD practitioners have also been able recently to calculate the x dependence of transversity through
the use of pseudo-PDFs [128] or quasi-PDFs [129, 130]. The quantity extracted in Ref. [128] was h

u-d
1 (x)/gT , where

h
u-d
1 (x) ⌘ h

u

1 (x)�h
d

1(x), using m⇡ = 358MeV. Therefore, we plot this same combination in the left panel of Fig. 5 and
compare to the lattice result. We find very good agreement across the entire x range. The computation of h

u

1 (x) and
h

d

1(x) in Refs. [129, 154] was at the physical pion mass, and we compare JAM3D-22 to that result in the right panel of
Fig. 5. The agreement with h

u

1 (x) is good for x . 0.5. The difference in the large-x region is mostly due to systematic
effects in the lattice results related to the reconstruction of the x dependence from limited discretized data. This can
be seen, for instance, in the comparison of different analyses of the same raw lattice data for the unpolarized case: the
quasi-PDF method [129] has large-x oscillations, whereas using a pseudo-PDF analysis alleviates the problem [155].
Similarly, the pseudo-PDF analysis of Ref. [156] has the expected decay of the unpolarized PDF in the large-x region.
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FIG. 5: Plot of (left) h
u-d
1 (x)/gT , where h

u-d
1 (x) ⌘ h

u
1 (x) � h

d
1(x), from the lattice calculation of Ref. [128] (at Q

2 = 2 GeV2)
using m⇡ = 358 MeV with statistical and systematic uncertainties added in quadrature (purple), and (right) h

u
1 (x) and h

d
1(x)

from the lattice calculation of Refs. [129, 154] (at Q
2 = 4 GeV2) at the physical pion mass with only statistical uncertainties,

compared to our JAM3D-22 result (blue) at Q
2 = 4 GeV2.

also NNPDF, MSHT,…
also JAM,…
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2 = 4 GeV2 from our JAM3D-22 global analysis (blue solid
curves with 1-� CL error bands) compared to the functions from other groups. The generated Soffer bound (SB) data are also
displayed (cyan points). We note that for all groups the curves are the central values of the 68% confidence band.
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dihadron observables that are typically used to extract transversity), one does not find this solution for h
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function can actually describe all relevant SSAs considered here (TMD and collinear twist-3) sensitive to transversity
as well as obtain agreement with lattice tensor charge values. To further emphasize the fact that current TMD
observables and lattice are compatible, we also re-ran our analysis including only TMD observables (SIDIS, SIA, DY),
imposing the Soffer bound on transversity, and including the lattice gT data point. We found, similar to Ref. [118],
good agreement with experiment and lattice and a size for h
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Lattice QCD practitioners have also been able recently to calculate the x dependence of transversity through
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u-d
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u-d
1 (x) ⌘ h
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1 (x) � h

d
1(x), from the lattice calculation of Ref. [128] (at Q

2 = 2 GeV2)
using m⇡ = 358 MeV with statistical and systematic uncertainties added in quadrature (purple), and (right) h

u
1 (x) and h
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from the lattice calculation of Refs. [129, 154] (at Q
2 = 4 GeV2) at the physical pion mass with only statistical uncertainties,

compared to our JAM3D-22 result (blue) at Q
2 = 4 GeV2.
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From non-perturbative QCD to EW/BSM/… physics
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Benchmarking studies

Unpolarized PDFs from CT18, MSHT20 and NNPDF3.1.1. 
have been also thoroughly compared, benchmarked and 
combined during the PDF4LHC21 study.


PDF sets can, in turn, be used, say, at the LHC, Tevatron, 
EIC (future), … to predict cross sections,…

Recommendations of usage and combined set 
in [PDF4LHC Working Group, 2203.05506]

Nrep = 900
Q = 100

0

Nrep = 300 0
Nrep = 300

x

https://arxiv.org/abs/2203.05506
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[Snowmass WP, 2203.13923]

Recent advancements in the determination of unpolarized PDFs: 

CT18, MSHT20, NNPDF4.0, ATLASpdf21 as well as PDF4LHC21.

https://arxiv.org/abs/2203.13923
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Uncertainties from global analyses of proton structure 

What is a faithful uncertainty coming from PDFs on those cross sections?

Precision PDFs (Snowmass 21 WP) [2203.13923]

CT18
MSHT20
NNPDF3.1
ABMP16
ATLASpdf21
PDF4LHC15
PDF4LHC21
NNPDF4.0
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Reducing PDFs and  uncertainties for EW and BSM physicsαs

Theoretical progress elevates precision on pQCD predictions.


Measurements of several SM parameters depend on PDF 
uncertainties.


Future experiments will potentially increase the precision of PDFs:

LHeC, EIC, HL-LHC,…


Future global analyses will require thorough understanding of 
various sources of uncertainties in the PDF determination. Plot from C. Gwenlan ICHEP 2020
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Do we understand the present uncertainty from PDF sets? 

PDF4LHC21 benchmarking exercise: 

comparison of uncertainties for same sets of data and QCD settings.


The uncertainties for CT18, MSHT20 and NNPDF3.1 reduced sets 
are still different. Key role played by methodology.

[PDF4LHC Working Group, 2203.05506]

p
s = 14 mX

1�

yX

|yX | < 2.5

x x

0 0

x

https://arxiv.org/abs/2203.05506
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Sampling biases contribute to PDF uncertainties

ExperimentalTheoretical

Parametrization Methodology

In all four categories of uncertainties, we can further distinguish

 PDF fitting accuracy and PDF sampling accuracy. 

[Kovarik et al, Rev.Mod.Phys. 92 (2020)]

Accuracy in theo., exp.,… inputs  

—commonly integrated in global analyses.

Adequacy of sampling the space of all 
solutions — traditionally ignored.

Control for sampling biases in determination of PDFs plays a critical role.
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Origin of sampling biases — experience with large population surveys

Surveys of the COVID-19 vaccination rate with very large samples of responses and small 
statistical uncertainties (Delphi-Facebook) greatly overestimated the actual vaccination rate 
published by the Center for Disease Control (CDC) after some time delay. 


The deviation has been traced to the sampling bias. 

In contrast to the statistical error, the sampling bias can involve growth with the size of the sample.

696 | Nature | Vol 600 | 23/30 December 2021

Article

The Big Data Paradox in vaccine uptake
We focus on the Delphi–Facebook and Census Household Pulse surveys 
because their large sample sizes (each greater than 10,000 respond-
ents20) present an opportunity to examine the Big Data Paradox1 in sur-
veys. The Census Household Pulse is an experimental product designed 
to rapidly measure pandemic-related behaviour. Delphi–Facebook has 
stated that the intent of their survey is to make comparisons over space, 
time and subgroups, and that point estimates should be interpreted 
with caution3. However, despite these intentions, Delphi–Facebook has 
reported point estimates of vaccine uptake in its own publications11,21.

Delphi–Facebook and Census Household Pulse surveys persistently 
overestimate vaccine uptake relative to the CDC’s benchmark (Fig. 1a) 
even taking into account Benchmark Imprecision (Fig. 1b) as explained 
in ‘Decomposing Error in COVID Surveys’. Despite being the smallest 
survey by an order of magnitude, the estimates of Axios–Ipsos track 
well with the CDC rates (Fig. 1a), and their 95% confidence intervals 
contain the benchmark estimate from the CDC in 10 out of 11 surveys 
(an empirical coverage probability of 91%).

One might hope that estimates of changes in first-dose vaccine 
uptake are correct, even if each snapshot is biased. However, errors have 
increased over time, from just a few percentage points in January 2021 
to Axios-Ipsos’ 4.2 percentage points [1–7 percentage points with 5% 
benchmark imprecision (BI)], Census Household Pulse’s 14 percentage 

points [5% BI: 11–17] and Delphi-Facebook’s 17 percentage points  
[5% BI: 14–20] by mid-May 2021 (Fig. 1b). For context, for a state that  
is near the herd immunity threshold (70–80% based on recent  
estimates22), a discrepancy of 10 percentage points in vaccination rates 
could be the difference between containment and uncontrolled expo-
nential growth in new SARS-CoV-2 infections.

Conventional statistical formulas for uncertainty further mislead 
when applied to biased big surveys because as sample size increases, 
bias (rather than variance) dominates estimator error. Figure 1a shows 
95% confidence intervals for vaccine uptake based on the reported 
sampling standard errors and weighting design effects of each survey23. 
Axios–Ipsos has the widest confidence intervals, but also the smallest 
design effects (1.1–1.2), suggesting that its accuracy is driven more by 
minimizing bias in data collection rather than post-survey adjustment. 
The 95% confidence intervals of Census Household Pulse are widened 
by large design effects (4.4–4.8) but they are still too narrow to include 
the true rate of vaccine uptake in almost all survey waves. The confi-
dence intervals for Delphi–Facebook are extremely small, driven by 
large sample size and moderate design effects (1.4–1.5), and give us a 
negligible chance of being close to the truth.

One benefit of such large surveys might be to compare estimates of 
spatial and demographic subgroups24–26. However, relative to the CDC’s 
contemporaneously reported state-level estimates, which did not include 
retroactive corrections, Delphi–Facebook and Census Household Pulse 

Table 1 | Comparison of survey designs

Axios-Ipsos Census Household Pulse Delphi-Facebook

Recruitment mode Address-based mail sample to Ipsos 
KnowledgePanel

SMS and email Facebook Newsfeed

Interview mode Online Online Online

Average size 1,000/wave 75,000/wave 250,000/week

Sampling frame Ipsos KnowledgePanel; internet/
tablets provided to ∼5% of panelists 
who lack home internet

Census Bureau’s Master Address 
File (individuals for whom email /  
phone contact information is 
available)

Facebook active users

Vaccine uptake question “Do you personally know anyone who 
has already received the COVID-19 
vaccine?”

“Have you received a COVID-19 
vaccine?”

“Have you had a COVID-19 vaccination?”

Vaccine uptake definition “Yes, I have received the vaccine” “Yes” “Yes”

Other vaccine uptake 
response options

“Yes, a member of my immediate 
family”, “Yes, someone else”, “No”

“No” “No”, “I don’t know”

Weighting variables Gender by age, race, education, 
Census region, metropolitan status, 
household income, partisanship.

Education by age by sex by state, 
race/ethnicity by age by sex by 
state, household size

Stage 1: age, gender “other attributes which we have 
found in the past to correlate with survey outcomes” 
to FAUB; Stage 2: state by age by gender

Comparison of key design choices across the Axios–Ipsos, Census Household Pulse and Delphi–Facebook studies. All surveys target the US adult population. See Extended Data Table 1 for 
additional comparisons and Methods for additional implementation details.

CDC (benchmark)

Delphi–Facebook (n ≈ 250,000)

Axios–Ipsos (n ≈ 1,000)

Census Household Pulse
(n ≈ 75,000)
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Fig 1 | Errors in estimates of vaccine uptake.  
a, Estimates of vaccine uptake for US adults in 2021 
compared to CDC benchmark data, plotted by the 
end date of each survey wave. Points indicate each 
study’s weighted estimate of first-dose vaccine 
uptake, and intervals are 95% confidence intervals 
using reported standard errors and design effects. 
Delphi–Facebook has n = 4,525,633 across 19 
waves, Census Household Pulse has n = 606,615 
across 8 waves and Axios–Ipsos has n = 11,421 
across 11 waves. Delphi–Facebook’s confidence 
intervals are too small to be visible. b, Total error 
Y Y−n N. c, Data defect correlation ρ̂Y R, . d, Data 
scarcity N n n( − )/ . e, Inherent problem difficulty 
σY. Shaded bands represent scenarios of ±5% 
(darker) and ±10% (lighter) imprecision in the CDC 
benchmark relative to reported values (points).  
b–e comprise the decomposition in equation (1).

Based on

[Xiao-Li Meng, The Annals of Applied Statistics, Vol. 12 (2018), p. 685]
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Law of large numbers

With an increasing size of sample , under a set of 
hypotheses, it is usually expected that the deviation on an 
observable


  


with  the standard deviation,  the true and  the determined 
values. That’s the law of large numbers.

n → ∞

μ − ̂μ ∝ σ/ n

σ μ ̂μ

900 replicas
Group #1 (300 rep.)
Group #2 (300 rep.)
Group #3 (300 rep.)
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μ=47.4923 pb

μ�=47.4895 pb

We take  groups of Higgs cross sections evaluated by 3 
different groups.

 

We randomly select 300 out of the 900 cross sections. 

The law of large number is fulfilled in this case: there is no bias.

300 × 3

A toy sampling excercise
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Trio identity

The law of large numbers obviates the quality of the sampling.


Role of the distribution of  for a population size /measure of the 
parameter space in estimating the deviation ?

n N
μ − ̂μ

Population: Np=900
Sample1: Ns=300
Sample2: Ns=300

45 46 47 48 49
0
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60

80
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120
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μ=47.4923 pb

μ�1=47.3456 pb

μ�2=47.5908 pb

If we bias the selection by taking 200 items from one group and 100 from 
another, the deviation  is no longer proportional to  !μ − ̂μ σ/ n
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Trio identity

The law of large numbers obviates the quality of the sampling.


Role of the distribution of  for a population size /measure of the 
parameter space in estimating the deviation ?

n N
μ − ̂μ

Population: Np=900
Sample1: Ns=300
Sample2: Ns=300
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μ=47.4923 pb

μ�1=47.3456 pb

μ�2=47.5908 pb

If we bias the selection by taking 200 items from one group and 100 from 
another, the deviation  is no longer proportional to  !μ − ̂μ σ/ n

This identity originates from the statistics of large-scale surveys

[Xiao-Li Meng, The Annals of Applied Statistics, Vol. 12 (2018), p. 685]

 μ − ̂μ = (confounding correlation) × (measure discrepancy) × (inherent problem difficulty)

The trio identity remedies to that problem be accounting for sampling bias:
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The sample deviation can be large if the sampling is not sufficiently random.

Standard error estimates can be misleadingly small.

 ➪ critical role of controlling for sampling biases in determination of PDFs.


Trio identity

 μ − ̂μ = (confounding correlation) × (measure discrepancy) × (inherent problem difficulty)

can tend to  for random samplingσ/ ndepends on the sampling algorithm

For a sample of  items from the population of size , we can consider an array built by the random 
spanning of the binary responses of the  (0) and  (1) items, so that 


n N
N − n n

μ − ̂μ = Corr[observable, sampling quality] ×
N
n

− 1 × σ(observable)

[X.-L.Meng, The Annals of Applied Statistics, Vol. 12 (2018), p. 685]

[Hickernell, MCQMC 2016, 1702.01487]
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Uncertainty on QCD observables — the hopscotch

Hopscotch scans:

estimation of a representative uncertainty on a cross section .σ

The release of a public code for NNPDF4.0’s new methodology provide a perfect 
playground to explore the role of sampling.


[NNPDF, EPJC 81]


Sampling of multidimensional spaces ( ) can be exponentially inefficient and requires  
replicas to obtain a convergent expectation value. 


[Hickernell, MCQMC 2016, 1702.01487]

[Sloan,I.H.,Wo´zniakowski, 1997]


Specific QCD observables: only few effective large dimensions contribute the bulk of the uncertainty. 

E.g. compressing MC PDFs into a Hessian set: we construct a basis to identify such large dimensions.


d ≫ 20 n > 2d
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Hopscotch scans

To sample the PDF dependence:  sample primarily the coordinates with large variations of . 


We employ:


1. Basis coordinates in the PDF space


2. Knowledge of 4-8 "large dimensions" in PDF space controlling variation of 


3. A moderate number of MC PDF replicas varying primarily in these directions

σ

σ

Estimation of a representative uncertainty on a cross section σ

Details in preprint [2205.10444] 
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 

Step 1

The NNPDF4.0 Hessian set ( ) defines a 
coordinate system on a manifold corresponding to the 
largest variations of the PDF uncertainty —red dots 
and curve.

Step 2

Using the public NNPDF code, scan  along the 50 
EV directions to identify a hypercube corresponding 
to  (where  is a user-selected value). 


Lagrange multiplier scan confirms the approximate 
Gaussian profiles, but suggest that there exist 
solutions with lower  — green dots and blue curve.


n = 50
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 

Step 3

Guidance from specific cross sections: 

we identify 4-7 EV directions that give the largest 
displacements for a given  per pair. 


E.g.,  vs.  is represented by the 6 corners of a projected 
“octahedron,” corresponding to large EV directions: 2, 4, 5, 

10, 17, 20. 


Other directions generally give smaller displacements.

Large EV directions are shared among various pairs of 
cross sections.


The contours are for   w.r.t. 
NNPDF4.0 replica 0 (red).
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A hopscotch scan of LHC cross sections for NNPDF4.0 PDFs 

Step 4

For each pair of cross sections, we generate 300 replicas by sampling uniformly along the large EV directions. 

Sort the  resulting replicas according to their  w.r.t. to NN40 replica 0.npairs × 300 Δχ2
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The blue ellipse (constructed using a convex hull method) is an approximate region containing all found replicas 
with . 


The blue area is larger than the nominal NNPDF4.0 uncertainty (red ellipse).

Δχ2 = 0 ± 3

Each of the   replicas 
is an acceptable PDF set from 
the NNPDF4.0 fit.

Δχ2 = 0 ± 3

[Anwar, Hamilton, Nadolsky, 1901.05511]

68% CL
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FIG. 5. Intermediate hopscotch scan results for Z vs. tt̄ cross sections (upper row) and Z vs. Higgs boson cross sections (lower
row) for ATLAS at 13 TeV. See the Appendix for details of the computation. The left panels shows polygons formed by the
pole sets with ��

2 = +10, 0, �10, and -20. In the right panels, the blue triangles correspond to ��
2 = 0, with replicas with

lower ��
2 shown in increasing hue. Blue ellipses are approximate regions fitted to the ��

2 = 0 boundary points. Red ellipses
correspond to the 68% probability regions from the published NNPDF4.0 Hessian set, also shown in Figs. 4 and 3.

along the i-th EV direction between the two corresponding pole sets with ��
2 = T

2. We then generate the replicas
for three more pairs of cross sections: Z vs W± (summed over the W boson charges, EV directions 2, 7, 23, 20, 17,
5); W+ vs W� (EV directions 2, 13, 1,17, 14); tt̄ vs H (EV directions 8, 15, 17, 4, 2, 5).

Our cumulative set from all scans contains 1940 PDF ensembles to examine solutions with ��
2  20.3 In the right

column of Fig. 5, we use varied colors to plot subsamples of replicas that have ��
2±3 around the ��

2 values specified

3
While we refer to the hopscotch ensembles as ”replicas”, they are not MC replicas in the traditional sense adopted e.g. in the NNPDF

formalism. The hopscotch replicas simultaneously have very good �2
with respect to the central data values and large displacements

for the selected cross sections. The traditional MC replicas are obtained by randomly fluctuating the data or PDF parameters instead

of directed search: the majority of them have a positive ��2
in the range of hundreds of units [22].

A hopscotch scan: details

Explored  pairs of cross sections are:


•       EV directions 5, 2, 7, 15, 17 and 17, 20, 6, 10, 5 
•     EV directions 2, 7, 23, 20, 17, 5 
•   EV directions 2, 13, 1,17, 14 
•       EV directions 8, 15, 17, 4, 2, 5 

npairs

{σtt̄, σZ}
{σZ, σW±}
{σW+, σW−}
{σtt̄, σH}



A. Courtoy—IFUNAM_______________Hopscotch____________________JLab theory seminar 2022


Monte-Carlo sampling for PDF parametrizations: cross sections for LHC

Blue and brown filled ellipses:

areas of possible solutions corresponding to an equal ( ) or 
lower  ( ) chi square w.r.t. the nominal solution

found through the hopscotch scan — a dimensionality reduction 
method.

size of blue areas comparable to 68% CL CT18 ellipses


Δχ2 = 0
Δχ2 = − 60

68% CL
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Monte-Carlo sampling for PDF parametrizations: cross sections for LHC

Blue and brown filled ellipses:

areas of possible solutions corresponding to an equal ( ) or 
lower  ( ) chi square w.r.t. the nominal solution

found through the hopscotch scan — a dimensionality reduction 
method.

size of blue areas comparable to 68% CL CT18 ellipses


Δχ2 = 0
Δχ2 = − 60

[Hou et al, Phys.Rev.D 103 (2021)]

CT18 PDF uncertainty:  
Accounts for the sampling over 250-350 
parametrization forms and possible choices of 
fitted experiments and fitting parameters.  

Reflected in choice of tolerance.

68% CL
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Monte-Carlo sampling for PDF parametrizations: choice of  formχ2

Different definitions for the  form will affect the PDF uncertainty


Experimental prescription for correlated systematic errors— used in our work.

 NNPDF4.0 uses the -prescription definition for their tabulated 

Other groups use different prescriptions.


χ2

t0 χ2
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FIG. 6. Same as Fig. 4, overlaying the �
2 scans using the experimental and t0 definitions of �2.

Some of the 50 EV sets for  and exp. prescriptions t0
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FIG. 7. Hopscotch scan results for the Higgs vs. Z cross section for ATLAS at 13 TeV. Here we show clouds of alternative
replicas that have �35  ��

2  0 with respect to the NNPDF4.0 central replica, where �
2 is computed according to the t0

(cyan) and experimental (grey) definitions.

solutions are acceptable on the same footing as the responses of individuals in a population survey. We make LHAPDF6
grids of the alternative PDF replicas available for the future analyses [51].

IV. CONCLUSIONS

PDF uncertainties in high-stake measurements (Higgs cross sections, W boson mass. . . ) should be examined for
robustness of results to sampling of available experimental data sets and PDF parametrizations. Sampling biases may
arise in PDF fits operating with large populations of possible solutions. Increasing the volumes of the fitted data and
parametric space may increase, not reduce, the sample expectation deviation. An undetected deviation may result
in a wrong prediction with a low nominal uncertainty. Sampling biases may limit reduction of the PDF uncertainties
and explain some di↵erences between the PDF sets.

For these reasons, global fits are potentially vulnerable to unrepresentative sampling when their overall scope
(including the number of PDF parameters, size of data sets, range of possible assumptions) grows. As a way to
mitigate the risk of underestimation in specific applications, statistical literature suggests to swap democratic sampling
in all dimensions for preferential sampling in fewer dimensions that are most relevant to the task at hand.

In the Monte-Carlo (MC) replica method, constructing the Hessian eigenvector (EV) sets from the MC PDF set
introduces a convenient coordinate system for such dimensionality reduction. Taking the W boson mass measurements
as an example, we could identify the few Hessian sets that give the largest contribution to the MW PDF error. It
is then more e↵ective to sample these EV directions with a higher density of replicas to look for acceptable PDFs
that may be outside of the nominal MC uncertainty. We presented a technique of hopscotch scans to perform such
estimation. As an example, we have demonstrated that the NNPDF4.0 fitting code allows alternative solutions of
their global fit that predict the LHC cross sections outside of the nominal NNPDF4.0 uncertainties, while having
the same total �2 as the NNPDF4.0 central replica and satisfying typical validation criteria adopted in the CT fit.
Furthermore, from the examination of alternative NNPDF4.0 replicas, we find that dependence of the distribution of
acceptable predictions on the prescription for implementation of experimental systematic errors cannot be neglected
at the targeted level of accuracy. Similar dependence has been observed in the CT fits (see e.g., Sec. 6D in [48]) and
should be examined as a part of the total uncertainty.

In either the MC or Hessian methods, a comprehensive range of fits must be explored to understand variations
due to the functional forms and other choices. This viewpoint is taken in the CTEQ-TEA family of analyses, in
which the tolerance on the fixed PDF functional form of the published set is selected so as to cover candidate best-fit

Main observations hold. 

Generally smaller shifts from the nominal NN4.0 

predictions than with the “exp” prescription.
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Convex-hull ellipse reconstruction

3 
 

parameterized by parton distribution functions (PDFs) that are determined from a large-scale 
multivariate analysis of experimental measurements (6). To determine theoretical uncertainties 
for the rates of elementary particle production at the Large Hadron Collider, one may need to 
reconstruct an underlying quasi-Gaussian probability distribution from the multidimensional 
distribution of values obtained by stochastic sampling. Traditionally, the Gaussian distribution 
can be estimated using the method of the covariance matrix (7) or related Hessian matrix (8). 
Our ellipsoid reconstruction algorithm can be employed as a part of an alternative estimation 
method that does not assume that the probability distribution is perfectly Gaussian, as we explain 
in Section 4.  To demonstrate the usefulness of the developed reconstruction method and explore 
its differences against the covariance matrix method, we employ both methods to predict the 
uncertainty due to PDF parameterizations in production of 𝑊±, 𝑍0, and 𝐻0 bosons at the LHC. 
 
 

Figure 1 illustrates the reconstruction of a 3-
dimensional ellipsoid from its 2-dimensional 
elliptical projections. The input data consists of 
1000 random three-dimensional vectors (blue 
points) that populate the ellipsoid’s volume. The 
output consists of the 3x3 symmetric matrix 𝐴3 
specifying the equation of the ellipsoid boundary 
(shown by a green mesh), found from the 
discrete input data with the help of our method. 
The first step is to project the input vectors onto 
independent orthogonal planes, where the 
boundaries of the input clusters are fitted by 
ellipses, as described in Section II. Then, in 

Section III, we reconstruct the output matrix 𝐴3 
from the matrices 𝐴2,𝑖 (𝑖 = 1,2,3) for the equations 
of the projected ellipses.  This Section presents a 
general formula for reconstructing the d-

dimensional ellipsoid matrix 𝐴𝑑   from the 2-dimensional projection matrices 𝐴2,𝑖, where 1 ≤ 𝑖 ≤
𝑑(𝑑 − 1)/2. It also provides a proof that such a matrix exists and a consistency check for the 
projection matrices. Section IV applies the Mathematica program to the analysis of production 
cross sections in elementary particle physics. Section V contains our conclusions. 

II. Fitting two-dimensional ellipses 
 

As the first step in the reconstruction of the d-dimensional ellipsoid, we need to determine the 
matrices for the boundaries of two-dimensional ellipses that are the projections of the ellipsoid 

Figure 1. A three-dimensional ellipsoid 
fitted to 1000 quasi-ellipsoidal points and 
its two-dimensional elliptical projections. 

[Anwar, Hamilton, Nadolsky, 1901.05511]

Projection of ellipsoids on 2D planes: pairs of XS values.


We reconstruct the ellipsoid from the scatter plots using a convex hull 
method. It provides an approximate region containing all found replicas with 
a given . 


Illustrated here for . Differs from the covariance matrix 
calculation.


Ellipses centered in .

Δχ2

Δχ2 = − 60 ± 3

min (χ2
Hopscotch)
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For instance, the cov. matrix may 
overestimate the correlation among 

discrete data points, resulting in a 
too aggressive error estimate
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Conclusions

PDF uncertainties in high-stake measurements (Higgs cross sections, W mass…) should be examined for 
robustness of sampling.


Sampling biases: may arise in PDF fits operating with large samples of data or multiparametric functional 
forms. The trio identity may take over the law of large numbers. 

An undetected sampling bias may result in a wrong prediction with a low nominal uncertainty. 


Sample deviation may limit reduction of the PDF uncertainties and may explain some differences between the 
uncertainties of the PDF sets.  


Experience with big surveys and Monte-Carlo integration shows how to quantify such deviations for QCD 
parameters or cross sections.  
 
➪ possible framework for systematic study of parametrization within CT.


What is a faithful uncertainty coming from PDFs on those cross sections?
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Conclusions

PDF uncertainties in high-stake measurements (Higgs cross sections, W mass…) should be examined for 
robustness of sampling.


Sampling biases: may arise in PDF fits operating with large samples of data or multiparametric functional 
forms. The trio identity may take over the law of large numbers. 

An undetected sampling bias may result in a wrong prediction with a low nominal uncertainty. 


Sample deviation may limit reduction of the PDF uncertainties and may explain some differences between the 
uncertainties of the PDF sets.  


Experience with big surveys and Monte-Carlo integration shows how to quantify such deviations for QCD 
parameters or cross sections.  
 
➪ possible framework for systematic study of parametrization within CT.


What is a faithful uncertainty coming from PDFs on those cross sections?

Hopscotch scans illustrated for the NNPDF4.0 —thanks to the publicly available code.

Applicable to other analyses using similar methodology and a large enough parameter space — e.g. for polarized PDFs.



Back-up slides



Toward robust PDF uncertainties

12021-05-03 P. Nadolsky, DIS 2022 workshop

The CT18/CT18Z uncertainties aim to 
be robust: they largely cover the 
spread of central predictions obtained 
with different selections of experiments 
and assumptions about systematic 
uncertainties

Overreliance on Gaussian distributions 
and covariance matrices for poorly 
understood effects may produce very 
wrong uncertainty estimates
[N. Taleb, Black Swan & Antifragile]

For instance, the 
cov. matrix may 
overestimate
the correlation 
among discrete 
data points, 
resulting in a too 
aggressive error 
estimate
[Anwar, Hamilton, P.N., 
arXiv:1905.05111]

cov. matrix

convex hull

Strong dependence on the definition of corr. 
syst. errors would raise a general concern: 
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Uncertainty on QCD observables — the hopscotch

Hessian methods are based on the paraboloid behavior of the  function 
— PDF eigenvector set naturally renders the coordinates giving the largest 
contribution to a determined value , with the Principal Component 
Analysis or a related method.

χ2

̂μ

χ2
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Uncertainty on QCD observables — the hopscotch

Hopscotch scans:

estimation of a representative uncertainty on a cross section.

The release of a public code for NNPDF4.0’s new methodology provide a perfect 
playground to explore the role of sampling.


[NNPDF, EPJC 81]


Sampling of multidimensional spaces ( ) can be exponentially inefficient and require  
replicas to obtain a convergent expectation value. 


[Hickernell, MCQMC 2016, 1702.01487]

[Sloan,I.H.,Wo´zniakowski, 1997]


Specific QCD observables: only few effective large dimensions contribute the bulk of the uncertainty. 

E.g. compressing MC PDFs into a Hessian set: we construct a basis to identify such large dimensions.


d ≫ 20 n > 2d
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