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• A new observable  for SIDIS to study TMDs with order of 
magnitude improvement in experimental resolution!
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QCD IS HARD

• Nonperturbative:  
coupling  explodes at low energy 
perturbative calculation fails 

• Confinement: 
we see no free quarks or gluons 
can not measure their properties directly

• Hadronization: 
we do not fully understand the real-time dynamic of how 
quarks and gluons become bound states

αs(Q)

5

9. Quantum chromodynamics 39

They are well within the uncertainty of the overall world average quoted above. Note,
however, that the average excluding the lattice result is no longer as close to the value
obtained from lattice alone as was the case in the 2013 Review, but is now smaller by
almost one standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each of the sub-fields
summarised in this Review, the wealth of available results provides a rather precise and
reasonably stable world average value of αs(M2

Z), as well as a clear signature and proof of
the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  
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Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).

♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [381],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.
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ONE OF OUR BEST TOOLS: COLLIDERS!
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• Parton distribution function (PDF):  
probability of finding a parton  with collinear momentum 
fraction  inside a hadron  

• Fragmentation function (FF): 
probability that a parton  with collinear momentum fraction 
 hadronizes to a hadron 

i
x H

i
z H

PARTON DISTRIBUTION FUNCTIONS 
& FRAGMENTATION FUNCTIONS
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electron 
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e
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h

PDF

FF

fi/p(x)

Dh/j(z)
σ ∼ fi/p(x) Dh/j(z)

• Can factorize cross section of 
a physical process (e.g. SIDIS) 
in terms of PDFs and FFs

(more later)



Zhiquan Sun (MIT)

TRANSVERSE MOMENTUM DEPENDENT PDFS/FFS

• Same interpretation, but now the 
distribution also depends on the 
transverse momentum  of the 
parton

• Describes the 3D structure of 
hadrons

• Can be rigorously defined by matrix 
elements of operators

kT

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

p

b

t
z
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TMDS IN DIFFERENT PROCESSES

• TMDs are universal across processes

• Two scales  allows natural power countingqT, Q
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• 8 TMD PDFs with polarizations, similar for TMD FFs

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

p

SPIN-DEPENDENT TMDS
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Figure 1.7: Leading power spin dependent quark TMDPDFs. The red dot and black circle represent
the quark and nucleon, while the red and black arrow represent their spin direction, respectively.

in isolation. We need QCD factorization formulas to relate TMDs to physical observables, such
as cross sections or spin asymmetries defined in terms of ratios of polarized and unpolarized
cross sections. Like the parton model formula for inclusive Drell-Yan cross section in Eq. (1.2),
sketched in Fig. 1.4, we have an extended parton model factorization formula in Eq. (1.4) to
express the differential Drell-Yan cross section, d�/d4

@, in terms of TMDs when @) ⌧ &.
A similar and more rigorous QCD factorization formula for the differential Drell-Yan cross
section will be introduced in Chapter 2.

However, with the Drell-Yan process alone in Eq. (1.4), it is impossible to extract and
disentangle various quark TMDs listed in Fig. 1.7, not to mention the antiquark and gluon
TMDs. We need more well-defined and factorizable two-scale observables to be able to probe
all TMDs. By detecting a hadron (or jet) of momentum %⌘ in the final state of electron-proton
DIS in addition to the scattered electron, as sketched in Fig. 1.8, this semi-inclusive DIS (SIDIS)
process provides more well-defined two-scale observables, where the hard scale & � ⇤QCD
and the soft scale is the transverse momentum of the observed final-state hadron %⌘) in the
photon-hadron frame where the exchanged virtual photon and the colliding hadron define
the I-axis. In this virtual photon-hadron frame, the produced leading hadron in the most
events of SIDIS is very likely to go in the direction opposite to the colliding hadron and to
have a very small %⌘) . So that, the %⌘)-distribution of lepton-hadron SIDIS is another natural
two-scale observable. In particular, it forms an important part of the physics program at a
future electron-ion collider [5], where it will be fully explored.

In the parton model picture, the lepton-proton SIDIS cross section can be factorized, as

Nucleon  
Polarization

Quark  
Polarization Γ

SL, ⃗ST
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WHY STUDY TMDS
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• Understand the 3D structure of hadrons

• Understand the nonperturbative structures of QCD as a 
field theory (confinement, hadronization, …)

• Improve QCD theory uncertainty in other processes 
(W mass measurement, …)

• Precision in experiments allow discovery of new physics 
(Higgs transverse momentum spectrum, …)

• ……
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SIDIS SETUP

•

• Interested in the transverse 
momentum of the outgoing hadron 
with respect to the photon, 

• SIDIS cross section is studied 
extensively at HERMES, COMPASS, 
RHIC, and JLab 

• The upcoming Electron-Ion 
Collider (EIC) promises 
improved precision

e−(ℓ) + N(P) → e−(ℓ′ ) + h(Ph) + X

PhT
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HOW TMDS ARE STUDIED 

• In the limit , can factorize the cross section 
into hard function and TMDs:

• TMDs have perturbative and nonperturbative parts: 

PhT /z = qT ≪ Q

14

Perturbative calculation 
& evolution Nonperturbative model

(unpolarized)

dσ

dxdydzd2 "PhT

= σ02z
∑
f,f̄

Hf (Q
2)

∫
∞

0

dbT bT
2π

ei
!bT ·!qT f1f (x, bT )D1f (z, bT )× [1 +O(

q2T
Q2

)]

f̃1f (x, bT , µ, ζ) = f̃1f (x, b
∗(bT ), µ, ζ) f̃

NP

1 (x, bT )

D̃1f (z, bT , µ, ζ) = D̃1f (z, b
∗(bT ), µ, ζ) D̃

NP
1 (z, bT )
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LEADING POWER FACTORIZATION THEOREM
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⇔

TMD PDFs/FFs
• For example, 

where

Structure functions

• Factorization theorem relates cross sections to TMDs
 lepton beam helicity 

  
nucleon spin vector in Trento 
frame 

 

λe
Sμ = (0, ST cos ϕS, ST sin ϕS, − SL)

ϵ = (1 − y)/(1 − y + y2/2)
σ0 ≡ α2πyκγ /[zQ2(1 − ε)]

X.-d. Ji, J.-P. Ma, and F. Yuan arXiv:hep- ph/0404183, arXiv:hep-ph/0405085 
A. Bacchetta, M. Diehl, K. Goeke, A. Metz, P. J. Mulders, and M. Schlegel, arXiv:hep-ph/0611265

D. Boer, L. Gamberg, B. Musch, and A. Prokudin,  arXiv:1107.5294 

Notation: M. A. Ebert, A. Gao, and I. W. Stewart, arXiv:2112.07680

y = P ⋅ q / P ⋅ ℓ
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CHALLENGES OF STUDYING TMDS

• In SIDIS, need to reconstruct  from  to measure 

• Momentum resolution at detectors introduces large 
uncertainty in reconstruction of 

⃗q ⃗ℓ ′ 
⃗P hT

PhT ∼ ΛQCD ≪ Q ∼ | ⃗ℓ ′ |

16
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~q
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y
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• As an example, 

consider SIDIS kinematics. 

   

   

    which is 50% uncertainty!

| ⃗ℓ′ | = (20 ± 0.5) GeV

| ⃗P hT | = (1 ± 0.5) GeV
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CHALLENGES OF STUDYING TMDS
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• In SIDIS, need to reconstruct  from  to measure 

• Momentum resolution at detectors introduces large 
uncertainty in reconstruction of 

⃗q ⃗ℓ ′ 
⃗P hT

PhT ∼ ΛQCD ≪ Q ∼ | ⃗ℓ ′ |
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• In SIDIS, need to reconstruct  from  to measure 

• Momentum resolution at detectors introduces large 
uncertainty in reconstruction of 

⃗q ⃗ℓ ′ 
⃗P hT

PhT ∼ ΛQCD ≪ Q ∼ | ⃗ℓ ′ |

CHALLENGES OF STUDYING TMDS
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Promise:
New observable  gives 

Order of Magnitude Improvement
 in Resolution!
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CONSTRUCTING q*

• Angular resolution at detectors is much better!

• Notice the acoplanarity angle  
in the target rest frame

tan ϕacop = − Ph,y/Ph,x ∝ sin ϕhPhT

20

target
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xEIC

y

zEIC

tan ϕrest
acop =

sin ϕhPhT

zQ 1 − y
+ 𝒪(λ2)

λ ∼ PhT /(zQ) ≪ 1

z = P ⋅ Ph / P ⋅ q
y = P ⋅ q / P ⋅ ℓ

Q2 = − q2

(In the light target limit )M ≪ Q
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CONSTRUCTING q*

• Want to construct an optimized observable that only uses 
angular measurements 

• Already have  

21

target
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• Identify  is 
the parton 
transverse 
momentum

• Only need to write 
the prefactor

 in terms 
of angles as well

PhT /z = qT

1/Q 1 − y



Zhiquan Sun (MIT)

CONSTRUCTING q*

• Consider the in-plane leading power kinematics  
(  collinear to )⃗P h ⃗q

22
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cos α

Q2 = (Erest
ℓ )2[ sin2 θe
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− (1 −

sin θh

cos α )
2

]

• In terms of  , we findθh, θe

• Can easily translate  
into EIC lab frame angles/
rapidities

θh, θe

PhT ≪ Q ⇒ θh + θe + α =
π
2



Zhiquan Sun (MIT)

CONSTRUCTING q*

• Boosting to EIC lab frame and continue working in the 
 limit, we find in terms of lab frame rapidities  :M ≪ Q ηh, ηe

23

y =
1

1 + eΔη
+ 𝒪(λ2)

Q2 = (2EN)2 eηe+ηh

1 + eΔη
+ 𝒪(λ)

Δη = ηh − ηe

•  is the energy of the 
nucleus in the EIC frame, 
which is known exactly, 
the rest of the quantities 
are all angular!

EN
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PhT ≪ Q ⇒ θh + θe + α =
π
2

Q 1 − y = 2EN
eηh
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• Now combine all the ingredients, we have the definition of 
our new observable q*

24

q* ≡ 2EN
eηh

1 + eηh−ηe
tan ϕEIC

acop
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CONSTRUCTING q* (In the light target limit )M ≪ Q

•  has a simple 
leading power 
relation, which 
allows for easy 
factorization: 

q*

q* = − sin ϕh
PhT

z
LP

tan ϕrest
acop =

sin ϕhPhT

zQ 1 − y
+ 𝒪(λ2)

Q 1 − y = 2EN
eηh

1 + eΔη
+ 𝒪(λ)

(more later on power corrections)
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• Can also define a dimensionless observable  
similar to  in unpolarized Drell-Yan

ϕ*SIDIS
ϕ*η

25

A DIMENSIONLESS VARIABLE

target
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ϕ*SIDIS ≡
eηh−ηe

1 + eηh−ηe
tan ϕEIC

acop

ϕ*SIDIS =
q*

Q
LP

•   can be 
related to  in 
leading power 
relation:

ϕ*SIDIS
q*

[Banfi et al., EPJC 71, 1600 (2011), arXiv:1009.1580 ]
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•  in unpolarized Drell-Yan known to eliminate experimental 
systematics
ϕ*η
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A DIMENSIONLESS VARIABLE
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SPECTRUM COMPARISON

•  is a signed observable
• Even and peak at 0 for unpolarized spectrum
• Single spin asymmetry (SSA) introduces odd contribution

q*

q* ≡ 2EN
eηh

1 + eηh−ηe
tan ϕEIC

acop

q* = − sin ϕh
PhT

z
LP
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FACTORIZATION FOR  CROSS SECTIONq*

• Recall the leading power decomposition of SIDIS cross 
section in terms of structure functions: 

• We can insert the leading power relationship 
as a -function and do the  integral to get the 
factorization theorem for  cross section

δ ⃗P hT
q*

29

q* = − sin ϕh
PhT

z
LP

 lepton beam helicity 
  

nucleon spin vector in Trento 
frame 

 

λe
Sμ = (0, ST cos ϕS, ST sin ϕS, − SL)

ϵ = (1 − y)/(1 − y + y2/2)
σ0 ≡ α2πyκγ /[zQ2(1 − ε)]
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• As an example, consider the contribution from 

• The contribution to                   from                          is

30

FACTORIZATION FOR  CROSS SECTIONq*

where

Inserting -function 
& integrate over 

δ
d2 ⃗P hT

Simple nontrivial kernel  
from  dependence ϕh

⇐

⇐
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• We get factorization theorem for  cross section in terms of  
standard TMD PDFs and FFs

• Can extract different contributions by unique* dependence 
on 

q*

q*, λe, Sμ, ϵ
31

FACTORIZATION FOR  CROSS SECTIONq*

 lepton beam helicity 
  

nucleon spin vector in Trento 
frame 

λe
Sμ = (0, ST cos ϕS, ST sin ϕS, − SL)

ϵ = (1 − y)/(1 − y + y2/2)
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EXTRACTING TMDS FROM FACTORIZATION

• Practically, we take asymmetries with opposite beam 
polarizations ( ) and by measuring cross sections as a 
function of  ( )

• As an example, consider taking the double asymmetry 
 and , we single out the contribution 

 
 
which allows us to access the worm-gear T function  

• *Note that the worm-gear L function  drops out, and 
transversity and pretzelosity are degenerate: 

λe, Sμ

y ϵ

q* → − q* λe → − λe

g̃⊥
1T

h̃1L
ϵST (h̃1 + h̃⊥

1T /4)

32
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IMPROVED RESOLUTION

• Simulated in Pythia,  
events, Gaussian smeared

• Momentum resolution: 
c: 
f/b:  
Angular resolution 

• Order of magnitude 
resolution improvement 
in the TMD region 
( ) from using  

𝒪(108)

σθ = σϕ = 0.001

≲ 2 GeV q*
10
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34

SIDIS cuts:  
 

 
 

 

x > 0.001
0.01 < y < 0.95
z > 0.05
Q2 > 16 GeV2

W2 = (P + q)2 > 100 GeV2

σp/p = 0.05 % p/GeV ⊕ 0.5 %
0.05 − 0.1 % p/GeV ⊕ 1 − 2 %

EIC Yellow Report Design Requirements, arXiv:2103.05419 
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STATISTICAL SENSITIVITY OF  VS q* PhT

• We test how well our observable can extract parameters of 
a given nonperturbative model for unpolarized cross section

• Recall that the nonperturbative model enter TMDs through:

• We use a simplified version of the MAPTMD 22 global fits

• Parameters  encodes the shape of  TMDs at large distancesωi

35

σunpol ∼ f1(z, kT )D1(z, kT )

A. Bacchetta et. al, MAPTMD 22, arXiv:2206.07598(Fixing )x, z, Q2

f̃1f (x, bT , µ, ζ) = f̃1f (x, b
∗(bT ), µ, ζ) f̃

NP

1 (x, bT )

D̃1f (z, bT , µ, ζ) = D̃1f (z, b
∗(bT ), µ, ζ) D̃

NP
1 (z, bT )

perturbative result  
& evolution using SCETlib

M. Ebert, J. Michel, F. Tackmann et. al, DESY-17-099
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STATISTICAL SENSITIVITY OF  VS q* PhT

• Use the central value and standard deviation of the global fits 
in MAPTMD 22 as our Gaussian prior

• Use Bayesian analysis to test the posterior distribution
π(ωi | dn) ∝ exp

[

−
∑

n

(

dn − tn(ωi)

σn

)2
]

π(ωi)

impact of  
on  vs   

spectrum

ω3
PhT q*
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STATISTICAL SENSITIVITY OF  VS q* PhT

• Compare between using our new observable  and using 
transverse momentum  directly:

•  has comparable statistical sensitivity to  , while having 
a much superior resolution

q*
PhT

q* PhT
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ROBUSTNESS AGAINST BIAS

• Assess the robustness of the observables against systematic 
uncertainties using the same setup

•  is highly susceptible  
to momentum mis- 
calibration,  
while  is unaffected

• Comparable robustness 
against non-uniform 
detector response

PhT

q*

38
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non-uniform detector response
momentum miscalibration

pe → (1 + δpe)pe

ε(X ) = 1 + ΔεX
X − ⟨X⟩

ΔX
, ΔX = ⟨X2⟩ − ⟨X⟩2
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OUTLINE

• Motivation & introduction to TMDs

• How to study TMDs

• Construction of a new observable 

• Factorization theorem for  cross section

• Experimental sensitivity and robustness

• Power corrections

• Summary

q*

q*
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POWER CORRECTIONS 

• Consider leading corrections in  to 

• For definition of  we can equivalently write

• Measuring cross section in  experimentally allows easy 
reinterpretation and power correction on the theory front

λ ∼ PhT /(zQ) y, Q2

q*

q*
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(In the light target limit )M ≪ Q

q∗ ≡ Q∗

√

1− y∗ tanφ
EIC
acop = 2EN

eηh

1 + e∆η
tanφEIC

acop

y∗ ≡
1

1 + e∆η
= y +O(λ2),

Q2
∗
≡

(

2EN

)2 eηe+ηh

1 + e∆η
= Q2

(

1− cosφh

√

1

1− y

PhT

zQ

)

+O(λ2)
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FINITE MASS EFFECTS

• Useful when the target mass is on the same order as 

• To leading order in  we have

• Can easily boost to EIC frame and use EIC frame angles

Q

λ ∼ PhT /(zQ)

41

tanφrest
acop =

sinφh PhT

zQ

√

1 + γ2

1− γ2y2/4− y
+O(λ2)

γ =
2xM

Q

qM
∗

≡ −Erest
!

[cos(θe + θh) + cos θh] tan(
θe
2
) sin θh

sin(θe + θh)
tanφrest

acop
LP
= − sinφh

PhT

z
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OUTLINE
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• Motivation & introduction to TMDs

• How to study TMDs

• Construction of a new observable 

• Factorization theorem for  cross section

• Experimental sensitivity and robustness

• Power corrections

• Summary

q*

q*
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SUMMARY

• TMDs are interesting subjects to study and can tell us a lot 
about hadron structures

• We have proposed an angular observable  in SIDIS that is 
sensitive to TMDs and has superior experimental resolution

• We have proven factorization for the  cross section and 
shown that we may access individual polarized TMDs

• Studying  at EIC will allow us to push forward the 
understanding of hadronization and confinement

q*

q*

q*
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Thank you!

q* ≡ 2EN
eηh

1 + eηh−ηe
tan ϕEIC

acop


